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1 Introduction 

Special Lagrangian submanifolds (SL m-folds) are a distinguished class of real 
m-dimensional minimal submanifolds in C m , which are calibrated with respect 
to the m-form Re(dzi A • • • A dz m ). They can also be defined in Calabi-Yau 
manifolds, are important in String Theory, and are expected to play a role in 
the eventual explanation of Mirror Symmetry between Calabi-Yau 3-folds. 

This is the second in a suite of three papers @\7\ studying special Lagrangian 
3-folds TV in C 3 invariant under the U(l)-action 

e l6 :(z 1 ,z 2 ,z 3 )^(e w z 1 ,e- l0 z 2> z 3 ) for e lB G U(l). (1) 

These three papers and jS] are surveyed in [3]. Locally we can write N as 

N = \ (z 1 ,z 2 ,z 3 ) G C 3 : Im(z 3 ) = u(Re(z 3 ), lm(z 1 z 2 )) , 

1 , (2) 

Re(ziz 2 ) = w(Re(z 3 ),Im(ziz 2 )), N 2 - \z 2 \ 2 = 2a j, 

where a € R and u, v : R 2 — » R are continuous functions. It was shown in fJ2| 
that when a ^ 0, N is an SL 3-fold in C 3 if and only if u, v satisfy 

— = — and - = -2D 2 l!/ 2 + fl 2 '-, 3 
02: ay ox ' ay 

and then u, w are smooth and iV is nonsingular. 

The goal of this paper and its sequel [7] is to study what happens when a — 0. 
In this case, at points (x, 0) with v(x, 0) = the factor —2(v 2 + y 2 + a 2 ) 1 / 2 in 
10 becomes zero, and then Q is no longer elliptic. Because of this, when a = 
the appropriate thing to do is to consider weak solutions of (J3J, which may 
have singular points (x,0) with v(x, 0) = 0. At such a point u, u may not be 
differentiable, and (0, 0, x + iu(x, 0)) is a singular point of the SL 3-fold N in C 3 . 

This paper will be concerned largely with technical analytic issues, to do 
with the existence, uniqueness and regularity of weak, singular solutions of |JSJ 
in the case a = 0. The sequel [7| will describe the singularities of solutions of JHJl 
with a = 0, prove that under mild conditions the singularities are isolated and 
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have a unique multiplicity and type, and show that for each k ^ 1 singularities 
with multiplicity k exist and occur in codimension k, in some sense. 

In [7] we also construct large families of special Lagrangian fibrations on 
open subsets of C 3 . These fibrations are used in [5] as local models to study 
special Lagrangian fibrations of (almost) Calabi-Yau 3-folds, and to draw some 
conclusions about the SYZ Conjecture ^UJ- For a brief summary of the results 
of all four papers, see 

In |S] we showed that if S is a domain in R 2 and u, v £ C 1 (5) satisfy ©, 



then v satisfies 



0_ 

dx 



. ■> ?N -1/2 &V ( ii 

( v +y +«) q- x + 2 t^ = W 



d 2 v 
dy 2 



in 5°, and also there exists / £ C 2 (S) with = u and |^ = v, unique up to 
addition of a constant, satisfying 

((ir+^rs+>s=°- 

Both Q and © are second-order quasilinear elliptic equations. We then proved 
existence and uniqueness of solutions of the Dirichlet problems for (@J and JHJ 
on (strictly convex) domains when a =/= 0. 

The main results of this paper are Theorems 16.11 16.21 17.11 and 17.21 below, 
which prove existence and uniqueness of singular solutions to the Dirichlet prob- 
lems for (0J) and JSJ when a = 0. They give detailed results on the regularity 
of the solutions — basically it, v are C°, have weak derivatives fj> f^j f| m 
LP for p in various ranges, and u, v are real analytic away from their singular 
points. Also, /, u, v vary continuously with the boundary data. These singular 
solutions give many examples of singular \J (I) -invariant SL 3-folds in C 3 . 

A fundamental question about compact SL 3-folds N in Calabi-Yau 3-folds 
M is: how stable are they under large deformations? Here we mean both de- 
formations of N in a fixed M, and what happens to N as we deform M. The 
deformation theory of compact SL 3-folds under small deformations is already 
well understood, and is described in 5, §9]. But to extend this understanding 
to large deformations, one needs to take into account singular behaviour. 

One possible moral of this paper is that compact SL 3-folds are pretty stable 
under large deformations. That is, we have shown existence and uniqueness for 
(possibly singular) U(l)-invariant SL 3-folds in C 3 satisfying certain boundary 
conditions. This existence and uniqueness is entirely unaffected by singularities 
that develop in the SL 3-folds, which is quite surprising, as one might have 
expected that when singularities develop the existence and uniqueness properties 
would break down. 

This is encouraging, as both the author's programme for constructing in- 
variants of Calabi-Yau 3-folds in 0] by counting special Lagrangian homology 
3-spheres, and proving some version of the SYZ Conjecture 10 in anything 
other than a fairly weak, limiting form, will require strong stability properties 
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of compact SL 3-folds under large deformations; so these papers may be taken as 
a small piece of evidence that these two projects may eventually be successful. 

In f|5]and <C|we shall prove existence and uniqueness of the Dirichlet problems 
for and © respectively when a — 0. That is, given a suitable domain S in 
R 2 and boundary data cf> S C k+2 ' a (dS), we construct unique v G C°(5) with 
v\as = <t> satisfying |@} weakly, or unique / £ C' 1 (S') with f\gs = <f> satisfying 
(J5} with weak second derivatives. 

The basic method is this. For each a <E (0, 1] we let v a or f a in C k+2 ' a (S) 
be the unique solution of 10} or J5} with v a \dS = <P ° r fa\os = <P- Then we aim 
to prove that v a — * v in C°(5 I ) or f a — ► / in C 1 (S') as a — ► 0+ for some unique 
u, / which are (weak, singular) solutions of the Dirichlet problems for a = 0. 

To show that these limits v, f exist, the main issue is to prove a priori 
estimates of v a , f a and their derivatives that are uniform in a. That is, we 
need bounds such as ||u a ||c° ^ C I0r all a G (0)1], with C independent of a. 
Getting such estimates is difficult, since equations |@} and 101 rea% are singular 
when a = 0, so many norms of v a , f a such as ||9v a ||co can diverge to infinity as 
a — > 0+, and uniform a priori estimates of these norms do noi eszsi. 

Although there are many results on a priori estimates for nonlinear elliptic 
equations in the literature, I could not find any that told me what I needed to 
know about (0} and 1(5} , so I was forced to invent my own method. It gives 
a priori estimates for the first derivatives of bounded solutions of nonlinear 
Cauchy-Riemann equations such as @. The underlying idea is geometrical, 
and comes from complex analysis. 

We shall explain Th. 6.9], which is the key tool. Suppose S, T are domains 
in M 2 , and (u,v) : T -> S° , (u,v) : S -> T satisfy © for some a / with 
(u,v)(xo,yo) = (uo,y ), (u,v)(u ,v ) = {x ,yo) for (uo,v ) e S°, (x ,yo) e r°. 
Then the graphs T, T of (u, u) and (w, w) are 2-submanifolds of S x T intersecting 
at (u Q ,v ,XQ,y ). 

As Q is a nonlinear Cauchy-Riemann equation, it turns out there is an 
almost complex structure onSxT, making T, F into pseudo-holomorphic curves. 
Therefore each intersection point in Y PI T has a positive integer multiplicity. 
Now by an argument like those used to count zeroes of holomorphic functions 
in complex analysis, by considering winding numbers along dS we find that the 
total multiplicity of T n T is 1. Thus, (uq, . . . ,yo) has multiplicity 1, so the 
tangent spaces of V, T at (ito, . . . , J/o) are distinct. 

So suppose (w, w) : 5 — > T satisfies © with (u, «)(ito, wo) = (^o,yo)- Then 
there cannot exist any solution (u, v) : T — > S° of with (u, u)(xo, yo) = 
(uo,fo) and first derivatives du,dv at (xo,yo) taking prescribed values, that 
is, those necessary to make T/ UQl ... m )F, T/ uo< ,,, iyo )T coincide. In this way we 
translate existence results for (u, v) : S — * T satisfying @ with prescribed 
values and derivatives at (uq,Vq) into nonexistence results for (u,v) : T — > S° 
satisfying J3} with prescribed values and derivatives at {x ,y ). 

Sections 0] and [SJ use this to prove a priori estimates for fj> ^> and ^ 
when (u,v) are bounded solutions of ©. In [JH we construct two families of 
solutions (u, v) to J3}, with v ~ a + f3y + jx oy v ^ a + f3y + jxy for 7 small. 
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Roughly speaking, these examples (u,v) : S — > T fill out all possible values and 
derivatives at (uq,vq) with 9-0 small. Then Th. 6.9] shows that for solutions 
(u,v) : T — > S° of JsU, all values and derivatives with large are excluded. So 
we can give a priori bounds for 9m, dv. 

Here is another interesting analytic feature. Because of the involvement of 
y in JHJ - ©; x and y derivatives behave differently. Roughly speaking, we find 
in that if (u, v) are weak solutions of © when a = then using the material 
of we can show that ff , §| he in LP for p € [1, §), and lies in L« for 

<? G [1,2), and || lies in 77 for r G [l,oo). 

As =— » C° for p > 2 by the Sobolev embedding theorem, v is continuous. 
But our L q estimate of is too weak to show u is continuous in this way. 
Because of this, we prove a nonstandard Sobolev embedding theorem, Theorem 
12.31 It allows us to use a stronger LP norm of |^ to compensate for the weaker 
L q norm of and still prove u is continuous. Proving u,v are continuous 
is important geometrically: without continuity, N in J3J would not be locally 
closed, and one singular point of u, v would correspond to many in N. 

Readers may wonder why we study both equations Q and J5J, rather than 
just one. The answer is that for different applications, each may be preferable. 
For instance, in 2|we construct our solutions with the Dirichlet problem for (|SJ), 
but estimate them using elliptic regularity for In 7 both Dirichlet problems 
are used, usually and properties of 10} such as v < v' on dS implies v < v ' 
on S crop up continually. In [Hj the Dirichlet problem for JSJ is best. 

Acknowledgements. I would like to thank Mark Gross, Rafe Mazzeo and Rick 
Schoen for helpful conversations, and the referee for useful suggestions. I was 
supported by an EPSRC Advanced Fellowship whilst writing this paper. 

2 Background material from analysis 

In M2.ll wc briefly summarize some background material we will need for later 
analytic results. Our principal reference is Gilbarg and Trudinger Section 
12. 21 proves a Sobolev embedding type result for functions u on subsets of M 2 , in 
terms of bounds for || fillip and |||^||z,<! with p =/= q. 

2.1 Domains, function spaces and operators 

First we define domains in R 2 , and Banach spaces of functions upon them. 

Definition 2.1. A domain in E 2 is a compact subset Scl 2 which is topolog- 
ically a disc with smooth (or sometimes piecewise smooth) boundary dS. The 
interior is S° = S \ dS. A convex domain S is strictly convex if the curvature 
of dS is strictly positive. 

For each k 5* 0, write C k (S) for the space of continuous functions / : S — ► M 
with k continuous derivatives, with norm ||/||o = Ylj=o su Ps |^*/|- F° r a ^ 
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(0, 1], the Holder space C k < a (S) is the subset of / G C k (S) for which 
< Rk „ \d k f(x)-d k f(y)\ 

is finite, with norm = + [d k f] a . Set C°°(S) = f]^Lo Ck ( S )- 

For q ^ 1, the Lebesgue space L q (S) is the set of locally integrable functions / 
on S for which the norm = (/ s l/^dx) 1 / 9 is finite. For fc > 0, the Sobolev 

space L q k (S) is the set of / G L q (S) which are fc times weakly diffcrcntiable with 
|V'/| € L"(S) forjO- 

Next we discuss differential operators on domains. 

Definition 2.2. Let S 1 be a domain in R 2 . A second-order linear differential 
operator P : C 2 (S) —* C°(S) may be written 

(Pu)(x) = aii Wo^W + T, bi ( x ^W +c(x)u(x), (6) 

for u G C 2 (S). Here a ij , b\ c € C°(S) are the coefficients of P, with a 13 = a ji . 
A second-order quasilinear operator Q : C 2 (S) — ► C (S) may be written 

2 (9 2 ?x 

(Qii)(a;)= a t3 (x,u,du) — — (x) + b(x,u,du), (7) 



for u G C 2 (S). Here a ij ',6 G C°(S xlx (R 2 )*) are the coefficients of Q, with 
a y = a Jl . We call P or Q elliptic if the symmetric 2x2 matrix (a y ) is positive 
definite at every point. A second-order quasilinear operator Q : C 2 (S) — ► C°(S) 
is in divergence form if it is written as 
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(Qu)(a;) = ^ - — (a J (a;, tt, duj) + b(x,u,du), (8) 



for functions a-? eC'fSxIx (R 2 )*) and i) G x 1 x (R™)*). 

Let Q be a quasilinear operator as in Q or (JSJ). We shall consider three 
different senses in which Qu = can hold: 

• We say Qu = ZioZcfe if u G C 2 ^) and Qu = in C°{S). 

• We say Qu = holds with weak derivatives if u is twice weakly differen- 
tiate, so that ckt, 9 2 m exist almost everywhere, and Qu = holds almost 
everywhere. 

• For Q in divergence form (JSJ, we say Qu = holds weakly if !i£i](5) and 

— 7 / — — • a?(x, u, <9w)dx + / ip ■ b(x, u, <9u)dx = (9) 
~{ Js dxj J s 
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for all ip £ C 1 (S) supported in 5°. We get © by multiplying © by ip 
and integrating by parts. Note that © makes sense even if u is only once 
weakly differentiable. 

Clearly, the first sense implies the second implies the third. But if Q is elliptic, 
under suitable assumptions on a J , b one can show that a weak solution u is a 
solution, so all three senses coincide. See for instance [21 §8]. 

2.2 Continuity of functions with L p , L q derivatives 

In ^Jand £0we will need the following result, to prove that u is continuous in 
weak solutions u,v of when a = 0. 

Theorem 2.3. Let S be a domain in M. 2 , and p,q £ (1, oo) with p^ 1 +q~ 1 < 1. 
Then there exist continuous functions G, H : S x S — > [0, oo) depending only on 
S,p and q satisfying 

G(w',x',w,x) = G(w,x,w',x'), H(vu',x',w,x) = H(w,x,w',x'), 
and G(w, x, w, x) = H(w, x, w, x) = for all (w,x),(w' ,x') £ S , 

such that whenever u £ C l (S) then for all (w,x), (w',x') £ S we have 

\u(w,x)-u(w',x')\ ^ \\^\\ Lp G(w,x,w',x') + \\^\\ Lll H(w,x,w , ,x'). (11) 



Before we prove the theorem, we explain its significance. The Sobolev Embed- 
ding Theorem ^ §2.3] implies that if S is a domain in R 2 then L\{S) C°(S) 
is a continuous inclusion when p > 2. That is, functions in a bounded subset 
of L^(S) are all uniformly continuous. Theorem 12.31 is essentially equivalent to 
this when p = q. 

However, when p ^ q and p ^ 2 or q ^ 2, our result is more general than 
this consequence of the Sobolev Embedding Theorem. The basic idea is that 
by taking a stronger norm of ^£ we can make do with a weaker norm of j r 
vice versa, and still prove that u is continuous. 

In fact one can prove a stronger result: the functions G, H of Theorem 12.31 
actually satisfy G(w, x, w',x') < C(\w — w'\ 7 + \x — x'\ s ) and H(w, x, w', x') < 
C'(\w — w'\ e + \x — x'\t) for 7, 5 > depending on p, f3 and e, ( > depending on 
q,(3 and C,C' > 0. One can then use this to prove that u is uniformly Holder 
continuous, rather than just uniformly continuous. But we will not need this. 

We will prove the theorem explicitly in the case that S is a rectangle R = 
[k, 1} x [m, n) in M 2 , and then explain briefly how to extend the proof to general 
S. We begin with a convolution formula for functions on R. 

Proposition 2.4. Let R be the closed rectangle [k,l] x [m,n] inM 2 , with k < I 
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m <n. Fix j3 > 0, and define E : RxR—> [0, 1) and F : R x R — > (0, oo] by 



E(w,x,y,z)-- 



'max((y — w)P(l — w)~P , (z — x)(n — a;) -1 ), y^w, z^x, 

max((y-if))' 3 (i-i«) _ ' 3 , (i-z)(i-m) _1 ), y^w, z<x, 

max((w- y)P{w — k)~@, (z — x){n— a;) -1 ), y<w, z^x, 

x max((w- y)P(w — k)~@, (x— z)(x — m) _1 ), y<w, z<x, 

and F(w,x,y,z) ^ ^ \ ){m _ n) ■ W 



Then for all u G C 1 (i?) and (to, a;) £ R we have 

u{w,x) = - — j [ [ u(y,z)dydz 

(l-k)(n-m) J m J k 



n l du 
pz(y,z)(y-w)F(w,x,y,z)dydz (13) 



dx 

rl du 



+0 I I -7^{y,z)(z- x)F(w,x,y,z)dydz. 



Proof. Let (w,x) and (r,s) lie in R. Then 
r 1 d 



(to, x) — u(r, s) — J — (u(w + t x ^(r — w),x + t(s — x))^jdt 



= u{r, s) - [ (/T 1 (r - w)^! - 1 ^ (w + t^ p {r -w),x + t(s- x)) 
Jq V ox 

+ {s-x)^(w + t 1/p (r -w),x + t(s - ar)))di 

Note that if (to, a;), (r, s) e R then (to + t 1/l} {r - w), x + t(s - x)) S R for all 
t G [0, 1], as R is a rectangle. Integrate this equation over (r, s) e i?, regarding 
(to, x) as fixed. We get 

n pi 



rn pi 

(I — k)(n — m)u(w,x) = / / u(r,s)drds 

J ra J k 



Ira Jk JO 



p-i t i/p-i( r _ w)^(w + t x K\r -w),x + t{s - x)) 

+ (s - x )^( w + t 1/l3 {r - w),x + t(s - x))^dtdrds. 

Change variables from (r, s, t) to (y, z, t) = ( y w + t 1 ^(r — w),x + t(s — x), t) in the 
triple integral. Thendidrds = t~ 1 ~ 1/ ' /3 di dy dz, and i 1 /^ _1 (r — to) = t^ 1 {y—w), 
and (s — x) = t^ 1 (z — x). Furthermore, if (y,z) £ R and t € (0,1] then 
the condition for (r,s) = (w + i~ 1///3 (y — to), a; + t~ x {z — x)) to lie in R is 
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E(w, x,y,z) < t ^ 1, because this is how we defined E. Hence 



(/ — k){n — m)u(w, x) = / / u(y, z)dydz 



n r i 



m J k 



((y~w)^(y,z)+0(z-x)^(y,z)) /' r^^dtdydz 
\ ox ay J ./r,-,,, „ „ r \ 



dy 



Equation (|13fl then follows by dividing by (I — k)(n — to), doing the t integral 
explicitly, and substituting in 112(1. □ 

Now F is given entirely explicitly in 1)120. so the following is an exercise in 
Lebesgue integration, which we leave to the reader. 



Proposition 2.5. In the situation of Proposition \2J\ for (w,x) £ R the func- 
tion (y,z) i— > (y — w)F(w, x,y, z) lies in L S (R) if 1 ^ s < 1 + , and then 
the map R — > L S (R) taking (w, x) to the function (y, z) i— > (y — w)F(w, x, y, z) 
is continuous. Similarly, the function (y,z) t— > (z — x)F(w, x,y, z) lies in £*(i?) 
i/ 1 ^ £ < 1 + 0, and then the corresponding map R — > L (R) is continuous. 

We can now define the functions G, H in Theorem 12. 31 

Definition 2.6. Let R be the closed rectangle [k,l] x [m,n] in M 2 , with fc < ^ 
and m < n. Suppose p, q £ (l,oo) with + < 1. This is equivalent to 
l/(<7 - 1) < p - 1. Choose /3 with - 1) < /3 < p - 1. Define s = p/(p - 1) 
and t = q/(q- 1). Then 

- + - = 1, - + - = 1, KsKl + 0' 1 and 1< t < 1 + /3. 
p s q t 

Let i* 1 be as in Proposition 12.41 with this value of 0. Define functions G, H : 
R x R -> [0, oo) by 

G(w,x,w',x') = (J J \(y-w)F(w, x,y, z)-(y~w')F(w' , x' ,y, z)\ s dy dz^J 

a n f\ \t \ 1/4 

/ | (z — x)F(w, x, y, z)— (z— x)F(w , x, y, z) | dy dz \ 

Then G is well-defined and continuous, as the functions 

(y, z ) ^ (V ~ w)F(w, x, y, z) and (y, z) i-> (y - w')F(w', x' , y, z) 

lie in L S (R) by Proposition 12. 51 and depend continuously on (w, a;) and («/, a;'), 
and G(w, x, w',x') is the L s norm of their difference. Similarly, H is well-defined 
and continuous. 

Proposition 2.7. Theorem \2.'& holds when S is a rectangle [k,l] x [m,n\. 
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Proof. Let G,H be as in Definition 12.61 Then G,H are continuous, and IjlUfl 
is immediate from the definition. Subtracting equation (|13|l with values (w,x) 
and (w',x') gives 

u(w, x) — u{w, x) — 
" rl du 

Q^.(y> z K(y ~ w)F(w,x,y,z) - (y- w')F{w' ,x' ,y, z))dy dz 
f" f l du 

+P J J g^(y,z)[(z - x)F(w,x,y,z) - (z - x')F(w',x',y,z))dydz. 

Equation follows by using Holder's inequality to estimate the first integral 
in terms of the L p norm of ^ and the L s norm of the other factor, and the 
second integral in terms of the L q norm of || and the L* norm of the other 
factor. □ 

To extend Theorem 12.31 to general domains S in R 2 , we mimic the proof of 
Proposition 12.41 to derive an analogue of (|13[) that holds on S, not just on a 
rectangle R. The main problem in doing this is that if (w,x), (r,s) S S then 
(w + t^/^ir — w), x + t(s~ x)) may not lie in S for all t S [0, 1]. So we choose a 
more general family of paths joining (w, x) to all points (r, s) in S. If these have 
the same qualitative behaviour near (w,x), scaling like t 1 ^ in the x coordinate 
and t in the y coordinate, then the analogue of Proposition ^ . 51 should hold, and 
the rest of the proof follows with little change. 



3 U(l)-invariant special Lagrangian 3-folds 

For introductions to special Lagrangian geometry, see Harvey and Lawson (3J 
§111] and the author ,5^ Here is the definition of special Lagrangian submanifolds 
in C m , taken from 3 §111] . 

Definition 3.1. Let C m have complex coordinates {z\, . . . ,z m ), and define a 
metric g, a real 2-form ui and a complex m-form on C m by 

g = \dz 1 \ 2 -\ h|dz m | 2 , w = -(dzi A dzi H hdz m Adz m ), 

and fl — dzi A • • ■ A dz m . 

Then Re fl and Im fl are real m- forms on C m . Let L be an oriented real sub- 
manifold of C m of real dimension m. We say that L is a special Lagrangian sub- 
manifold of C m , or SL m-fold for short, if L is calibrated with respect to Kefl. 
Equivalently Cor. III. 1.11], L is special Lagrangian (with some orientation) 
if uj\l = and ImO|i = 0. 

We now recall a few fundamental results from [5] that will be used very 
often later. This paper is not designed to be read independently of [Hj, and 
many other results from will be cited when they are needed. Readers are 
referred to for proofs, discussion and motivation. The following result jSJ 
Prop. 4.1] is the starting point for everything in [HIE] and this paper. 
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Proposition 3.2. Let S be a domain in M 2 or S — M. 2 , let u, v : S — ► K be 

continuous, and afl. Define 



N = {{zi, z 2 ,z 3 ) G C 3 : ziz 2 = v(x, y) + iy, z 3 = x + iu(x,y), 

\ Zl \ 2 - \z 2 \ 2 = 2a, (x,y)GS}. "' > ' 



Then 

(a) If a = 0, then N is a (possibly singular) special Lagrangian 3- fold in C 3 , 
with boundary over dS, if u, v are differentiable and satisfy 

du dv dv , 2 2 , i/2 du 

— = — and — = -2 (v 2 +y 2 — , 16 

ox ay ax ay 

except at points (x, 0) m 5 mift u(:r, 0) = 0, where u, v need not be differ- 
entiable. The singular points of N are those of the form (0,0, z 3 ), where 
z 3 = x + iu(x, 0) for i£E with v(x, 0) = 0. 

(b) // a ^ 0, then N is a nonsingular SL 3-fold in C 3 , with boundary over 
dS, if and only if u, v are differentiable on all of S and satisfy 

du dv , dv , o 2 ? \i/2 du 

— = — and — = ~2(v 2 + y 2 + a 2 )'—. 17 

dx dy dx v 7 ay 



In jSJ Prop. 7.1] we show that solutions u, v G C 1 (S') of l|17fl are derived 
from a potential function f G C 2 (S) satisfying a second-order quasilinear elliptic 
equation. 

Proposition 3.3. Lei S be a domain in R 2 and u, v G C 1 (S I ) satisfy <|17[) /or 
o^O. TTien i/iere exists f £ C 2 (S) with ^ = u, §j = ^ 

-</>=((sr+^rs+*s- <-) 

XTiis / is unique up to addition of a constant, f i— > / + c. Conversely, all 
solutions of ljl8|l yieZd solutions of (|17|l . 

Equation (|18|l may also be written in divergence form as 



3 r / af\i <9 2 f 

p ^=^K^^)] +2 ^= ' (19) 



ay 2 

where A(a,y,u) = / (w 2 + y 2 + a 2 )~ 1/2 du;, (20) 

so that jf^ = (v 2 + y 2 + a 2 ) -1 / 2 . Note that A is undefined when a = y = 0. 

In |Bj Prop. 8.1] we show that if u,v satisfy (|17|) then v satisfies a second- 
order quasilinear elliptic equation, and conversely, any solution v of this equation 
extends to a solution u, v of (|17|l . 
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Proposition 3.4. Let S be a domain in R 2 and u, v € C 2 (S) satisfy <|17[l /or 
a ^ 0. TTien 



1/2 chn 9 » 



W = ^ (« 2 + y 2 + « 2 )^£ +2^=0. (21) 



9x 



Conversely, i/nt C (S) satisfies (I21|) £/iert iftere exists u £ C 2 (S), unique up 
to addition of a constant u i— > u + c, smc/i t/iat u, w satisfy l|17|) . 

Defining A as in l|2(J|l . equation (|21|) may also be written 

p(%y,«)) + 20 = o. (22) 

In [SJ Th. 7.6] and [5] Th. 8.8] we prove existence and uniqueness of solutions 
to the Dirichlet problems for i|18|) and (|21|l in (strictly convex) domains in R 2 . 

Theorem 3.5. Let S be a strictly convex domain in R 2 , and let a ^ 0, k ^ 
and a £ (0, 1). Then for each <f> £ C k+2,a (dS) there exists a unique solution f 
of (|18f) in C k+2 ' a {S) with f\g$ = </>■ This f is real analytic in S° , and satisfies 
ll/llc 1 ^ Civile 2 ; f or some C > depending only on S. 

Theorem 3.6. Let S be a domain in R 2 . Then whenever a ^ 0, k ^ 0, 
a e (0, 1) and cp £ C k+2 - a (dS) there exists a unique solution v £ C k+2 ' a (S) of 
l|21|) with v\qs = a basepoint (xq,vq) £ S. Then there exists a unique 

u £ C k+2 ' a (S) with u(xo,yo) — such that u,v satisfy (|17fl . Furthermore, u,v 
are real analytic in S° . 

Combined with Propositions l3 . 2l and l3 . 3l these give existence and uniqueness 
results for U(l)-invariant special Lagrangian 3-folds in C 3 satisfying certain 
boundary conditions. 



4 Two families of model solutions of ( |T7j ) 

In this section we construct two families of solutions it, v and it', v' of l|17|) on the 
unit disc D in R 2 , and make detailed analytic estimates of u, v, u' , v' and their 
derivatives. The reason for doing this is that in Sj^lwe will use these examples 
and 6, Th. 6.9] to prove a priori estimates of the first derivatives of solutions u. u 
of (|17fl satisfying a bound u 2 + v 2 < L 2 . These estimates are the key technical 
tool we will need to extend Theorems 13.51 and 13 . 61 to the case a = 0, and prove 
other important facts about singular solutions of (|16fl . 

The method we shall use is to start with the exact solutions u = fix, v = 
a + [3y of (|17(l , and add on a small perturbation. This perturbation is the sum 
of a known, exact solution of the linearization of i|17[l at u = f3x, v = a + (3y, 
and an 'error term'. Most of the hard work below is in estimating this error 
term, and showing that in some circumstances it is small, so that the explicit 
approximate solution of (|1 T|) is close to an exact solution. 
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4.1 The main results 

Here are the two main results of this section. 

Theorem 4.1. Let K,L,M,N > be given. Then there exist A,B,C > 
depending only on K, L, M, N such that the following is true. 
Suppose a, Xo,yo,Uo,Vo,Po and qo are real numbers satisfying 

b |^Amax(K 2 + a 2 ) 1 /2| yo |i/2, K 2 +a2) 3/4 )5 \y \\ qo \^B(v 2 +a 2 ^ 2 , 

| go | < C, o^O, \a\ ^K, x 2 + yl s? L 2 , and u 2 + u 2 M 2 . 

Define D L = {(x,y) G M 2 : x 2 + y 2 «; L 2 } . Then there exist u,v G C°°(D L ) 
satisfying (I17|l . (it — wo) 2 + (w — t>o) 2 < j*V 2 on D^, and 

u(x ,y Q ) = u Q , v(x ,y ) = v , ^-(x ,yo) = Pa and ^-(x ,y ) = q a . (24) 



Theorem 4.2. Let K,L,M,N > 0. T/ien i/iere exist A,B>0 depending only 
on K,L, M, N such that the following is true. 

Suppose a, xq, yo, uo, vq,Po and qo are real numbers satisfying 

\p \^A\y \ 5/2 , \qo\^B, a^O, 

\a\^K, xl + y 2 ^L 2 , and uI+Vq^M 2 . 

Define D L = {(x,y) G R 2 : x 2 + y 2 < L 2 }. TTien tfiere exzst G C°°(D L ) 
satisfying (fTTfl . (tt' — uo) 2 + («' — «o) 2 < A^ 2 on D^, and 

u'(x ,y ) =U , v'(x ,y ) =v , -t^( x o, yo) = Po and ^-(x , yo) = Qo- (26) 



We can interpret Theorems 14 . II and 14.21 like this: given a, xq, yo, uq, vq, L and 
N with a^O and a; 2 + y^ ^ L 2 , we wish to know what are the possible values 
of po = §j(xo,yo) and g = ^{x ,yo) for solutions u,v of (JT^ on L> L with 
(it, w)(a;o, J/o) = (io,"o) and (u — uo) 2 + (w — fo) 2 < N 2 . The theorems give 
ranges of values of po and go for which such solutions are guaranteed to exist, 
in terms of upper bounds K for \a\ and M for |(ito,t>o)|- In ^SJwe will combine 
the theorems with jSJ Th. 6.9] to derive a priori estimates of the first derivatives 
of solutions u, v of Q17[l. 

The only difference between Theorems l4.ll and l4.2l is the conditions on po and 
go in l|23l) and 125|) . Roughly speaking, when j/o is small but Vq + a 2 is not small 
Theorem 14. II is a stronger result than Theorem l4.2l — that is, the requirements 
on po and go in l|25[) are unnecessarily strict. And when vo and a are small but 
yo is not small, Theorem 14 .21 is stronger — that is, the requirements on po and 
go in H23f) are unnecessarily strict. 

In [J5] we will use Theorems 14.11 and 14.21 to prove a priori estimates for 
fi' §iJ' If anc ^ f| wn en u,v satisfy (jT7Jl and a C° bound. Only by using both 
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Theorems 14.11 and 14.21 together will we be able to make these a priori estimates 
powerful enough for the applications in ^S]^|3 in particular, proving the conti- 
nuity of singular solutions u, v of i|16|) . 

Theorems 14.11 and 14.21 are the only results of this section that will be used 
later, so readers not interested in the proofs should skip on to 33 A sketch of 
the proofs is given after Definition 14.41 



4.2 Definition of the solutions 

We define the first of two families of solutions u, v of i|17|) . In M4.7I we will use 
rescaled versions of these u,v to prove Theorem 14. II 

Definition 4.3. Let a, s, a, (3 and 7 be real numbers satisfying 

a^O, < s < 1, a 2 + a 2 = s 2 , |/3| < 1 and I7I «C is. (27) 

Let D be the closed unit disc in R 2 . Define functions F,G £ C°°(M) and 
g £ C°°{D) by 

F(y) = -\l ((a + f3w) 2 +w 2 +a 2 y 1/2 dw, G{y) = F(w)dw (28) 
Jo Jo 

and g(x, y) = ax + (3xy + j(^x 2 + G(y)). (29) 

Let / £ C°°(D) be the unique solution of (fT£|l on D with f\dD = g\dD- This 
exists by Theorem ESI Define <j> = f-g and ^ = §f ■ Then eft, ip £ C°°{D) and 
<ft\dD = 0. Define it = ^ and i? = Then u,w satisfy l|17|l and v satisfies 
(J2J. Also, as / = g + (ft, from l(2*9"j) we get 

m = /3x + 7-F(y) + — and w = a + (3y + 72; + — — = a + fly + jx + ip. (30) 
ay ox 



As v = a + (3y + jx + ip satisfies (|21|) . we get 

n ,\1 2 2\-l/2^ 2 V ; „ d 2 lft 

((a + Py + 1 x + ^ + r + a 2 ) f ^+2 W = (31) 
((a + /5y + 7a; + t/>) 2 + y 2 + a 2 )~ 3/2 (a + /3y + jx + ip) (§| + 7) 2 - 

This is a second-order quasilinear elliptic equation on ip. We will use elliptic 
regularity results for it to estimate the derivatives of ip. 

The function g constructed above is the sum of an exact solution ax + (3xy 
of (|18f) . and a multiple 7 of an exact solution ^x 2 + G(y) of the linearization 
of l|18[) at ax + pixy. Thus, when 7 is small we expect g to be an approximate 
solution of i|18fl . with error roughly of order 7 2 . 

Here is our second family of solutions u',v' of JT7J|. In E 14.7I we will use 
rescaled versions of these v! ,v' to prove Theorem l4.2l 
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Definition 4.4. Let a, s, a, (3 and 7 be real numbers satisfying 



a^O, 0<s<l, a 2 +a 2 = s 2 , |j9| < i and | 7 | < i (32) 

Let D be the closed unit disc in M 2 . Define functions F',G' S C"°°(M) and 
9'eC»(D) by 



Let /' e C°°(D) be the unique solution of (JTHJ on D with /'|a/j = g'| 9r >. This 
exists by Theorem 13.51 

Define <j)' = f - g' and tp' = Then 0',^' € C°°(L>) and = 0. 

Define u' = ^ and 1/ = Then it',u' satisfy {TTJ) and u' satisfies ||3TJ. Also, 
as /' = 9' + 4>\ from we get 

u = fix + jF 1 (y) + — — and v' — a + (3y + jxy + — — — a + (3y + jxy + ip'. 



Again, we start with an approximate solution g'(x, y) of l|18l) which is the sum 
of the exact solution ax + (3xy of l|18l) and an exact solution of the linearization 
of l|18l) at ax + f3xy, but this time it is a different solution of the linearization 
to that used in Definition ^. 31 

Here is how the rest of the section is laid out. In M4.3l we derive a priori C° 
estimates for <p and <j>' . We do this by noting that /, /' satisfy i|18fl . and writing 
down explicit super- and subsolutions f±, f± of (|18|l with /-=/ = /+ and 
f'- = f' = f+ on 3D, so that and f'+ on D. Similarly, 

H4. 41 derives a priori C° estimates for ip,ip', by noting that v, v' satisfy (|21|l . and 
writing down explicit super- and subsolutions v±,v' ± of (|21[l . 

Section [4. 51 extends these to a priori estimates of higher derivatives of ip,iji', 
using standard interior elliptic regularity results and a scaling argument. Section 
14.61 shows that if a,vo,po, qo satisfy some inequalities then in Definition 14. 31 we 
can choose a,/?, 7 such that v(x ,y ) = v , §§(2:0, 3/o) = Po and ^(x ,y ) = q , 
and similarly for u',v'. Finally, H4. 71 completes the proofs. 

4.3 A priori C° estimates for <p and <\j 

Tedious manipulation of inequalities and completing the square proves: 
Lemma 4.5. In Definition \4-^ or \4-4\ whenever \w\ ^ j^s and \y\ ^ 1 we have 



F'(y) 




and g'(x, y) = ax + (3xy + -y(^x 2 y + G'(y)) . 



(33) 




■ 2 ) (a + f3y + w) 2 + y 2 + a 2 < 4(y 2 + s 2 ). 



(34) 



Here are explicit super- and subsolutions f± of l|18|l for / in D. 
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Proposition 4.6. In the situation of Definition \4-3[ define functions f± € 
C°°{D) by f± = g±8s- 1 j 2 (l-x 2 -y 2 ). Then P(f + ) < and P(/_) ^ 0, where 
P is defined in (|18|) . 

Proof. Computation using JTHI and (EHJ) shows that P(f±) = tA + B, where 
2((q + /3y + 1X T Ss'^ 2 ^) 2 + y 2 + a 2 )~ 1/2 + 4 



1~,2 



P. = 7 



and 



(( a + / 3 2/ + 7 xT8 S - 1 7 2 x) 2 +2/ 2 + a 2 )" 1/2 -(( a + /3 2 /) 2 + 2 / 2 + a 2 )" 1/2 ' 



We show that A ^ |P|, which gives P{f+) < and P(/_) ^ 0. 

Define w = jx =p 8s _1 7 2 x. Then as |x| ^ 1 and | 7 | ^ we see that \w\ ^ 
2|7|. Applying the Mean Value Theorem to h(z) = ((a + fly + z) 2 + y 2 + a 2 ) -1 / 2 
between z — and w implies that 

B = — 7»(a + (3y + z)((a + (3y + z) 2 + y 2 + a 2 ) ~ 3/2 , 

for some z between and w. As \a + fly + z\ ^ ((a + f3y + z) 2 + y 2 + a 2 ) 1 / 2 and 
\z\ < \w\ ^ 2| 7 | s$ ^s, this gives 

IDI <■ MM < 2 7 2 < „ -2 2 

^ ^ 7 Tfl 1 ^2~i ~, 2 ^ 1/ 2 i 2T ^ 8S 7 ' 

(a + /}y + zy + ?r + a z j(y + s) 

using the first inequality of Lemma |4. 51 with z in place of w. Also, the second 
inequality of Lemma 14.51 yields 

A > 8s-^ 2 ((y 2 + s 2 )- 1 ' 2 + 4) > 8s- 2 7 2 . 

The last two equations give A ^ |P|, and the proof is complete. □ 

This shows that /+ is a super solution and /_ a subsolution of Q18JI. As 
1 — x 2 — y 2 = on 9£>, we have f± = g = f on 9£>. Therefore |SJ Prop. 7.5] 
shows that /_ ^ / ^ / + on D. Subtracting g from each side gives: 

Corollary 4.7. In Definition ^ .S\ \<f>\ < 8s _1 7 2 (l — x 2 — y 2 ) on D. Hence 

U\\ C o < 8s-V, and |^|,|§£| < Ws-^ 2 ondD. (35) 



The first inequality is the a priori C° estimate for <j> that we want. The 
analogues of Proposition 14 . 61 and Corollary 14. 71 for Definition 14.41 are: 

Proposition 4.8. Define functions f'± € C°°{D) by f'± = g' ±~f 2 (l - x 2 - y 2 ). 
Then P(/|) < and P(f'_) > 0, where P is defined in iflS). 

Proof. Computation using l|18|l and (|33H shows that P(f±) = TA + B, where 
2((a + /3y + jxy T l 2 x) 2 + y 2 + a 2 )~ 1/2 + 



A = j 
B = jy 



and 



({a+[3y+jxyTj 2 x) 2 +y 2 + a 2 ) 1/2 ~ ({a+ [3y) 2 +y 2 +a 2 ) 



-1/2 



Calculations similar to the proof of Proposition 14.61 using l|32|) and (|34|l show 
that A ^ \B\, which gives P(/i) < and P(f_) ^ 0. □ 
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As for Corollary 14. 71 we deduce an a priori C° estimate for (/>': 
Corollary 4.9. In Definition ^ -4\ \<P'\ ^ 7 2 (1 ~ x 2 — y 2 ) on D. Hence 
||0'|| c o^ 7 2 , and |^U^|<2 7 2 



4.4 A priori C° estimates for ip and ?/>' 

For our next three results we work in the situation of Definition ^. 31 As tp = 
the second inequality of l|35[) shows that ^ 16s~ 1 7 2 on dD. We shall use 
this to construct super- and subsolutions v± for v, and hence derive an a priori 
C° estimate for ip. 

Proposition 4.10. Define functions v± <G C°°(D) by 

v ± =a + f3y + -fx± s _1 7 2 (20 - Ax 2 - Ay 2 ). (36) 
Then Q(v+) and Q(w-) 0, where Q is defined in l|21[l . 
Proof. From 121|l we find that Q{v±) = ^fA — B, where 

A = 8s- 1 j 2 U(a+f3y+ 1 x±s~ 1 -f 2 (20-Ax 2 -Ay 2 )) 2 + y 2 +a 2 y 1/2 + 2\, (37) 

( lT 8s- 1 1 2 x) 2 (a + f3y + 1 x± S - 1 1 2 (20~Ax 2 -Ay 2 )) 

B = ~, T372- ^> 

((a + f3y + jx ± s" 1 7 2 (20 - 4x 2 - 4y 2 )) 2 + y 2 + a 2 ) ' 

We shall show that A > \B\, which gives Q(v + ) < and Q(u_) ^ 0. 

Define to = 72; ± s _1 7 2 (20 - 4a; 2 - 4y 2 ). Then as |x| < 1, x 2 + y 2 < 1 and 
7 ^ ^js we see that |to| ^ j^s. Thus Lemma 14.51 implies that 

{a + [3y + 1 x± s _ V(20 - 4x 2 - Ay 2 )) 2 + y 2 + a 2 ^ \{y 2 + s 2 ) > \s 2 . 

Raising this to the power — | and using (|38(l and the inequalities 

\a + fJy+jx ± s _1 7 2 (20 - 4x 2 - 4y 2 )| < 

((a + f3y + 72: ± s" 1 7 2 (20 - 4x 2 - 4y 2 )) 2 + y 2 + a 2 ) 1/2 
and I7 =F 8s _1 7 2 a;| ^ 2 | implies that 

\B\ < 4 7 2 -2s~ 1 • ((a + f3y + jx ± S - 1 j 2 {20 -Ax 2 -Ay 2 )) 2 + y 2 + a 2 y 1/2 . 
Comparing this with l|37l) gives A |B|, as we have to prove. □ 

Now v = a + fix + 7 y + and ||^| 16s _1 7 2 on 913 by Corollary H7I 
Thus H36fl gives v_ ^ u ^ w+ on dD. But as w satisfies (|21() . and Q(w+) ^ and 
Q(v~) ^ from above, Prop. 8.5] implies that w_ ^ u ^ v+. Subtracting 
a + [3y + "fx from each side then yields 
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Corollary 4.11. In Definition]^ |§f I = M < s~~V(20 - 4.x 2 - Ay 2 ) on D. 
Hence \\i£>\\ c ° < 20s~ 1 7 2 - 

As I7I < ^js this gives |^| ^ I7I, so that +ip\ < 2 1 — ^ | ^ as |x| < 1. 
Thus, applying Lemma 14.51 with w = 72; + ^ shows that 

Corollary 4.12. -j(y 2 + s 2 ) s$ (a + fly + -fx + ijj) 2 + y 2 + a 2 < 4(y 2 + s 2 ) on D. 

This gives an a priori bound on the factor in front of g-^ in Ij31|) . showing 
that (|31|1 is uniformly elliptic. The analogues of Proposition PLlOl and Corollary 
14. Ill for Definition 14.41 are: 

Proposition 4.13. Define v' ± 6 C°°(D) by v'± = a + fly + jxy ± 7 2 (| — |y 2 )- 
Then Q(y' + ) ^ and Q(v'_) ^ 0, where Q is defined in l|21l) . 

Proof. From lt2"T|l we find that = — where A = j 2 and 

B = j 2 y 2 (a + fly + 7xy± 7 2 (| - ^ 2 )) 

((a + /3y + 7 xy ± 7 2 (| - \y 2 )) 2 + V 2 + a 2 f' 2 ' 

As \y\, \a + (3y + 1 xy±j 2 (l-ly 2 )\ ^ {{a + fly + 1 xy± 1 2 {\ - ±y 2 )) 2 +y 2 +a 2 f/ 2 
we see that \B\ ^ j 2 = A, and so Q{v' + ) ^ and Q(v'_) >0. □ 

Corollary 4.14. In Definition]^ 1 1 lie = ll^'llc < \l 2 ■ 

4.5 Estimates for higher derivatives of ip and 

For the next part of the proof we make use of an overall symmetry of equations 
H15(l - (|22|l . arising geometrically from dilations on C 3 . In the situation of Propo- 
sition suppose a ^ and u,v satisfy (|17|l . so that N defined in l|15|) is an 
SL 3-fold. Let r > 0, and define N = r _1 iV. Since N is a dilation of N it is 
also an SL 3-fold, and also U(l)-invariant. 

Now N is of the form Ijl5(l with u, v and a replaced by 

u(x,y) — r~ 1 u(rx,r 2 y), v(x,y) = r~ 2 v(rx,r 2 y) and a = r~ 2 a. 

Thus m, v and a also satisfy ()17|l. and w, a satisfy 1|21|) . If / is a potential for u, v 
as in Proposition 13. 31 so that /, a satisfy . then f(x,y) — r~ 3 f(rx,r 2 y) is a 
potential for it, v, and /, 5 satisfy i|18fl . 

The fact that x scales by r and y by r 2 is one reason why x and y derivatives 
behave differently in this problem, so that for instance in H6.5I we obtain IP 
estimates for lg and L q estimates for ^ with p, q in different ranges. 

Here is how we use the rescaling idea in this section. The function ip of 
^4.21 transforms like v, so its rescaled version is ip(x,y) = r~ 2 ip(rx,r 2 y) 1 which 
satisfies a rescaled version of <|31[) . It turns out that on a ball away from the x 
axis, this rescaled equation is uniformly elliptic uniformly inr € (0, 1]. Thus we 
can use elliptic regularity results to estimate ip an( i hs derivatives away from 
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the x-axis independently of r € (0, 1]. Transforming back gives estimates of ip 
and its derivatives near the x-axis, in terms of powers of y. 

We shall work in the situation of Definition 14. 31 until Theorem 14. 2 II 

Definition 4.15. In Definition Ol let yfs < r ^ 1. Write 
D = {0,y) G K 2 : rV + r V < l}, 

and define ip € C°°(D) by ip(x,y) = r~ 2 ?p(rx,r 2 y). 

From Corollaries 14. 1 II and 14. 1 21 and equation (|31[) we deduce: 
Proposition 4.16. In the situation above, ip satisfies HV'llc ^ 20r~ 2 s~ 1 7 2 , 



2 



r 2 a + /3y + r 1 jx + ip) + y 2 + r V + 2 — — 

/ oar ay 

(r- 2 a + (3y + r^fx + ^)(f§ + r^) 2 

— and 



(39) 



,2 j_ ,,—4^2 



((r 2 a + /3j/ + r l jx + ip) 2 + y 2 
y 2 +r~ 4 s 2 ) < (r _2 a+/3j/+r _1 7X+^) z +y 2 + r _4 a 2 4(y 2 +r~ 4 s 2 ) . (40) 



1 f„,2 
4 



3/2 • 

2 



Now (I39f) involves constants r 2 a 1 j3, r 7 and r 2 a which are all uniformly 
bounded independently of r, as 

\r~ 2 a\ «C 1, |0| s: 1, Ir-^l ^ and |r-- 2 a| ^ 1. 

Because of this we will be able to treat (|39l) as a quasilinear elliptic equation 
satisfying elliptic regularity bounds that are independent of a, a, /3, 7, r and s, 
no matter how small r and s are. 

In the next few results we shall construct a priori bounds for the derivatives 
of ip in the interior of D. We do this by using interior elliptic regularity results 
to bound Holder norms of cf> and ip on a series of small balls E n in D. 

Definition 4.17. Let Br(x, y) be the closed ball of radius R about (x, y) in K 2 . 
Suppose x' £ R and y' = ±1 are such that B 1 / 2 (x', y') C D. Define a decreasing 
series of balls E 2 D E 3 D ■ ■ ■ in D by E n — B 1/n (x', y'). Fix e € (0, 1). 

Proposition 4.18. There exists A n > independent of a, a, (3, 7, r, s such that 
W^Bn+a He"- 5 ^ A n r~' ! s~ ] L 7 2 /or eac/i n = 0, 1, 2, 3, . . .. 
Proof. Let us rewrite equation l|39|) in the form 

— ((r 2 a + /% + r V + V f + 2/ 2 + r V) ^ + ^ 2 -- 
ox l ox i ay V ay J 

r _1 7(r~ 2 a + [3y + r _1 7a; + -0) dip 
((r- 2 a + (3y + r~ l jx + ip) 2 + y 2 + r- i a 2 ) 3/2 dx 



((r 2 a + [3y + r 1 jx + tp) 2 + y 2 + r 4 a 2 ) 3, 
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Regard this as a linear elliptic equation Pu — f on ip, where 

(pu)( X )= ^rK^S +E &1 (-)£+ c (-h-)' 

so that u = ip, f = r~ 2r ) 2 ({r~ 2 a + By + r~ lr yx + -ijj) 2 + y 2 + r~ 4 a 2 ) 3 ^ 2 , 

,11 _ ((„-2„ , o„. , i „7.\ 2 i „,2 , „-4„2\-!/ 2 



a 



((r~ 2 a + f3y + r 1 ~{x + ijj) + y 2 + r 4 a 2 )~ 

12 21 n 22 r, 

a = a =0, a =2, 



(41) 



r 1 7(r 2 a + By + r 1 jx + ib) o , , 

& x = ^ ^ V 3 and b 2 = c = 0. (42) 

( 2 a + /3y + r~ ^a; + f/>) 2 + y 2 + r~ 4 a 2 ) 

To prove the proposition we shall apply three interior elliptic regularity results of 
Gilbarg and Trudinger [2] for second order linear elliptic operators with principal 
part in divergence form, to prove the cases n = 0, n = 1 and n ^ 2 respectively. 
From 2, Th. 8.24, p. 202], if A, A , is Q > and e g (0, 1) with 

EL=i ^ A l£l 2 in ^ 2 fOT al1 € = (6, 6) e M 2 , (43) 

|| ay |-E 2 || c o ^ A , ||6 1 |e 2 || co < i^o foralH,j,and ||c|s 2 || co ^ MOi (44) 

then there exists C > depending only on E 2 , E3, A, Ao, i^o and e such that if 
u S C 2 (£ 2 ) and = /, then HbJc^ < C(\\u\\ c o + ||/|| c o). 

As I < \y\ ^ § for (x,y) e E 2 and r~ 4 s 2 1, by fjgft we have 

sC (r- 2 a + j3y + r- 1 "fx+ip) 2 + y 2 +r~ 4 a 2 ^ 13 on £ , 2 . (45) 



Using (|41|) ~ (|42[1 and l|45(l we can find A, Ao, vq independent of a, a, 8, 7, r, s such 
that g3Jh|@D hold. 

Thus there exists Co > independent of a, a, /3, 7, r, s such that 

-B2 llpo "T" II J I E 2 \ \qo) 

sC C (20r- 2 s- 1 7 2 + 64r~ 2 7 2 ) A r- 2 s~ 2 -/ 2 , 

setting A Q = 84C , using Corollary |4~TT1 < s sC 1 and ||/|b 2 ||c° < 64r~ 2 7 2 , 
which follows from l|45|l and the definition of /. This proves the case n = 0. 

Combining the case n = Q with (|41|l and ||a y |_E 2 ||c° ^ 4 we can find Ai > 
depending on Ao such that ||a y \e 3 \\ C o,e ^ Ax- Applying Th. 8.32, p. 210] 
shows that there exists C\ > depending only on E 3 , E4, A, Ax, v§ and e such 
that if u e C 2 (£ 3 ) and Pit = /, then \\u\ Ei \\ c i, t < Ci(H c o + ||/||c°)- The 
argument above then shows that the case n — 1 holds with Ax = 84Cx. 

The case n ^ 2 is proved using the Schauder interior estimates [3 Th.s 6.2 
& 6.17], by a technique known as bootstrapping. Suppose by induction that the 
proposition holds for n = k — 1, for k ^ 2. Then 

|| ay b fc+ 2|| cfc -i, e < A fe , ||6 l | E)c+2 || cfc _ 2ie v k and ||c| Bfe+2 || cfe _ 2je < z/ fe , 
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for some A*,, Uf. depending on k, A^-i, and all Therefore Th.s 6.2 & 6.17] 
gives C k > depending on k, E k+2l E k+3 , A, A k , v k such that if u G C 2 {E k+2 ), 
f G C fc - 2 ' e (i? fc+2 ) and = /, then ||u| Blk+ ,|| c *.. < C fc (H c o + ||/|| c *- 2 ,e). 

Using (|45|l , the definition of / and the case n = k — 1 we can find C[ > 
depending only on k, e and A k _i such that ||/|B fc+2 || cfc _ 2 . e ^ C' k r~ 2 -f 2 . The 
case n = k of the proposition then follows with A k = C k (20 + C' k ). Hence by 
induction, the proof is complete. □ 

As \d n ip(x',y')\ < WiplEn+sWc".', we deduce: 

Corollary 4.19. There exist constants A n for n independent of a, a, /?, 7, r 
and s, smc/i i/iai i/a/gl and y' = ±1 wi£/i Bi/%{x' ,y') C -D, i/ien 

< A j+i: r" 2 s- 1 7 2 /or aZZ j, k^O. (46) 



dxjdn k 



Here the A n are given in Proposition ^. 181 Now the only reason for setting 
y' = ±1 above was to be able to prove (|45|l . using l|40[l and the inequality 
5 ^ |y| ^ § on i?2- In the special case r = i/s, the terms r~ 4 s 2 in (|40|l are 1, 
and we then only need \y\ ^ § on E 2 to prove (|45|l . Thus, when r = -^/s the 
proofs above are valid for \y'\ ^ 1 rather than just \y'\ = 1, and we get: 

Corollary 4.20. Let r — y/s in Definition \4-15\ If x' G K. and ^ 1 wii/i 
Bi/ 2 (x' 1 y') C £>, i/ien 



where the A 7 



dxidy kix '' y,) ^ A J+ kS ^ forallj,k^0, 
in CoroUary \4-iy\ 



(47) 



are as m 



We shall use the last two corollaries to estimate the derivatives of ip. As by 
definition ip(x,y) = r^ 2 t/j(rx,r 2 y), we see that for (x,y) G D, 



k {x,y) = r 3 



(a/.y')> where (x',y') = (r ^r 2 y). 



dx^dy kX ,a ' dx^dy k 

Put r = \y\ 1 ^ 2 if |y| ^ s and r = y^s if \y\ < s. It turns out that x 2 + y 2 < \ is 
sufficient to ensure that B 1 / 2 (x' ,y') C I?. Thus, Corollaries 14. 191 and 14.201 give 

Theorem 4.21. Suppose (x,y) G £> ura£/i x 2 + y 2 < i. T/ien /or a/Z j, k ^ 0, 



dx^dy 1 



{x,y) 



A J+k \y\~i/ 2 ~ k s-^ 2 , 
A^s-^' 2 -^ 2 , 



\y\ > s, 
\v\ < s, 



(48) 



where Aq, A±, . . . are positive constants independent of x, y, a, a, (3, 7 and s. 
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This is a measure of how closely the solution v of (|21[) defined in Definition 
14.31 approximates a + (3y + jx in the interior of D. With some more work, 
the interior estimates ()48fl can be extended to the whole of D, using elliptic 
regularity results for regions with boundary, but we will not need this. 

Extending the material above to the functions of Definition 14.41 is straight- 
forward, so we just indicate the main differences. In Definition 14. 151 we replace 
the assumption y/s ^ r ^ 1 by max(|7|, y/s^j ^ r ^ 1. We then follow through 
to Corollary 14.191 with little essential change. 

To prove an analogue of Corollary 14.201 we need an additional assumption, 
that I7I ^ jqS. This is because for Definition 14.31 when r = y/s the first 
inequality of (|40|l gives h ^ (r~ 2 a + j3y + r~ l yx + ip) 2 + y 2 + r~ 4 a 2 , and we 

use this to bound the coefficient of in l|39|) . and so to show that (|39|l is 
uniformly elliptic. However, for Definition 14.41 we need an extra condition like 
I7I ^ s to show that the analogue of (|39H is uniformly elliptic when y is small. 
The analogue of Theorem 14. 211 we get is: 

Theorem 4.22. Let (x,y) E D with x 2 +y 2 ^ \, \y\ > j 2 and \y\ ^ s. Then 

^Aj+klyr^ 2 -^ 2 forallj,k^0. 
If I7I ^ jqS, then whenever (x,y) € D with x 2 + y 2 ^ j and \y\ ^ s, we have 

^ A ]+k s- j/2 - k 1 2 for all j, k^O. 
Here Aq, A\, . . . are positive constants independent of x, y, a, a, (3 and 7. 



dxJdn 1 



4.6 Solutions of (HTj) with v, ||, |^ prescribed at (x ,y ) 

To prove a priori bounds for derivatives of solutions of (|17l) in we will need to 
find examples of solutions u, v of (jT7|l in D such that u, v, || take prescribed 
values u 0l vo,po,qo at a given point (xo,yo) in D. As we are free to add a 
constant to u, it is enough to consider only v, regarded as a solution of 
and ensure that v, ^ take prescribed values. 

Theorem 4.23. Let a,xo,yo,vo,po and qo be real numbers. Define 

a a =v Q - x po - yaqa, A) = qo, 7o = Po, s = \J ct\ + a 2 
and J = min(^, \A^ 1 , j^A^ 1 ), 

where Aq,A± > are as in Theorem \4-21\ Suppose 

a^Q, x 2 +y 2 ^ i s 2 ^ ±, |/3 | ^ § and | 7o | ^ J m a x(s \y \^ 2 , s 3 /2 ). (50) 

Then there exist a, j3, 7 € K satisfying (|27J) and 

|a-Qfo|<jS , |/3 - Po\ «S js and |7 - 7o| < |7o|, (51) 
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such that the solution v of (|21[1 constructed in Definition \4-3\ using a, a, j3, 7 
satisfies 

v{x 0l y a )=v , ^(x ,y Q )=po and ^(x ,y ) = q a . (52) 



Proof. Let a,/3, 7 satisfy l|51|) . and define s = V 'a 2 + a 2 . Using |a — cto| ^ 
one can easily show that 

As Sp ^5 \ by (|50|l this gives < s ^ 1. The other inequalities ^ 1 and 
I7I ^s in J37|) also follow from JSOJ. Thus J57J holds, and Definition 14 . 31 gives 
v, ip G G°°(D) with w = a + /3y + jx + ip, such that v satisfies (|2f [> and ^ = 
on clD. 

We shall show that there exist a,[3,j satisfying (|5f (I for which v satisfies 
l|52l) . Using v — a + [3y + jx + ip and (|49|l we find that l|52l) is equivalent to 



1 sf ) ^s 2 ^2sl. (53) 



Fi{a,f3,j) = (a - a Q ) + y ([3 - /3 ) + x (j - j ) + ip(x ,y ) = 0, (54) 

F 2 (a, (3, 7) = 03 " A>) + |r (*o, f") = °> ( 55 ) 

F 3 (a, /3, 7) = (7 - 7o) + ^(aro, Ito) = 0. (56) 

Define a± = ao ± jSo, /?± = /?o ± 3S0 an d 7± = 70 ± |7o|- Then (|5T|l is 
equivalent to a_ ^ a < a+, /3_ < /3 < /3+ and 7_ ^7^7+. Thus, (|51Jl - 
J5BJ define functions Fi,F 2 ,F 3 : [a_,a+] x [/?_,/?+] x [7-, 7+] — > R. Using 6, 
Th. 7.7] one can show that the are continuous functions. 

Proposition 4.24. Suppose 70 7^ 0. For aZ/ a,/?, 7 satisfying (|5f (I we /iaue 

Fi(a_,/3,7)<0<Fi(a + ,/9 ) 7), F 2 (a,/3_, 7 ) < < F 2 (a,/3+, 7 ), 
and F 3 (a,/3,7_) < 0< F 3 (a, 7+ ). 



Proof. To prove the first pair of inequalities, we shall show that for a = a±, f3, 7 
satisfying J5TJ, we have 

|a± -ao| > 1 2/0 M/3 — /3o I + No||7~7o| + \^{xo,yo)\- (58) 

Thus by l)54[l. i<i(a±, /3, 7) has the same sign as a± — ao, and the first part of 
if^Tjl follows. First suppose 1 3/0 1 ^ s o- Then from lj5H ]l -l(ET |l we have 

\a± - a \ = |s 0) l/3-/3oKiSo and | 7 - 7o | < I70I < ^so|2/o| 1/2 , 

and Theorem 14 . 2 1 1 gives 

|^(sco,Ito)| < AOS' 1 -/ 2 < A (^s )- 1 (2Js \y \ 1 / 2 ) = 8A J 2 s |2/ol, 
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using ±s «S s and | 7 | 2 Js |y | 1/2 - Thus (j2§ holds if 

±s > js \y \ + Js \x \\yo\ 1/2 + 8A J 2 s \y \, 

which follows from so > 0, | aero j ^ \^ \\io\ ^ \, J ^ jo" an d ^ ^ ■ The other 

four inequalities are proved in a similar way. □ 

The reason for supposing 70 ^ is to get strict inequalities in the third 
part of (|57|l . We can now finish the proof of Theorem 14.231 If 70 = then 
a = do, /3 = A> an d 7 = 70 = satisfy the conditions of the theorem, as then 
v = a + (3y + jx — ao + (3oy is an exact solution of (|2~T|) . and ip = 0, so (|54f- 
lf5H|l hold. So suppose 7 o 7^ 0. Write B = [a-,a+] x [/3_,/3+] x [ 7 _, 7+ ], and 
consider the map F = (F u F 2 , F 3 ) : B -> R 3 . By Proposition Ol F maps dB 
to R 3 \ {0}. Furthermore, both dB and R 3 \ {0} are homotopic to S 2 , and one 
can show from the proposition that F* : H2(dB./Z) — > 7J2(R 3 \ {0},Z) is the 
identity map Z — * Z. 

Suppose F maps 5 — * M 3 \ {0}. Then F(dB) is homologous to zero in 
R 3 \ {0}, as it bounds F(B). But F*([dB}) generates i? 2 (R 3 \ {0},Z) and so is 
nonzero, a contradiction. Thus F cannot map B — > R 3 \ {0}, and there exists 
(a,/3, 7) € B° with F(a,/3, 7 ) = 0. From above this is equivalent to l|52ll . and 
so a,/3, 7 satisfy the conditions in Theorcm l4.23l completing the proof. □ 

Here is the analogue of Theorem l4.23l for Definition I4.4I proved similarly. 

Theorem 4.25. Let a, xo, yo, vq,pq and qo be real numbers with yo ^= 0. Define 

a x Po Po 

Vo Vo 
and J = min(i, \A^ 1/2 , jA^ 1 ), 

where Aq,Ai > are as in Theorem \4-22\ Suppose 

a^0, xl+yl^\, |ao|<3. IA)| < & and l7oK ^ l?/o| 3/2 - 
Then there exist a, 0, 7 S R satisfying (|32|l and 

|a-a |<§, and I7-70KI70I, 

swc/i t/ia£ £/ie solution v' of (|21|l constructed in Definition \4-4\ using a, a, /3, 7 
satisfies 

3v f dv ! 
v{x ,yo)=Vo, -g^(x Q ,y ) = Po ^-(^o, 2/o) = ?o- 
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4.7 Proof of Theorems 14.11 and 14.21 

We now prove Theorem 14. II by the rescaling method of ^4.51 Define 

r = min(l,(3L) -1 ,(320 -1/2 ), a = r 2 a, v a = r 2 v 0l 
x = rx , y = r 2 y 0l pa = rp and q = q . 

Let J be as in H49|) . and let A, B, C > be chosen such that 

A<hJr\ A<^, A^ ^l^ , B<| and C<§. 

Define cio,/3o,7o and §o as in (|49p. using a, i>o,Po, <Zo, and yo- We will show 
that l|23l) implies that (|50|l holds for a, £o> yo, §o, $o an d 7o- 

As r, a / we have a ^ 0, and r $C (3i) _1 , r ^ 1 and x\ + t/g ^ ^ 2 
imply that Xq + j/ 2 , ^ 4 ■ So the first two inequalities of f^Hjl hold. Now &o = 
r 2 (v - x po - y qa). Using \a\ < if, |x | L, |y | < Kl < M and the first 
inequality of (|23|) . we find that 

|x po| < Amax(L 3 / 2 ,L(if 2 + M 2 ) 1 ^)^ 2 + a 2 ) 1 ' 2 ^ \(v 2 + a 2 ) 1 / 2 , 

as A sC I/8L 3 / 2 and A 1/8L{M 2 + K 2 ) 1 / 4 . 

Also I j/o <?o I ^ \{ v o + a 2 ) 1 ^ 2 from the second inequality of (|23|l and £? ^ |. 
Thus |xoPo + 2/o<7o| ^ |( w o + & 2 ) 1 ) and following the proof of (|53*)l we find that 

\r\vl + a 2 ) < s 2 = r 4 (« - x p - y q ) 2 + r^a 2 «C 2r 4 (w 2 + a 2 ). (59) 

Now r < 1, r < (3L)- 1 and |u | L imply that 2r 4 u 2 < §, and r < {3K)- 1 / 2 , 
\a\ ^ K yield 2r 4 a 2 < §. Thus J 2 , ^ | < ±, the third inequality of (SJ. The 
fourth inequality |/3 | ^ f follows from /3 = 9oi |<Zo| ^ C and C ^ |. 

The final inequality I70I ^ Jmax(so|yo| 1 ^ 2 i $0^) follows using l|59(l . the first 
inequality of (|23|l . and A ^ ^ r2 - Thus (|50|l holds for a, £0, yo, vo,Po and go- 
Therefore, by Theorem 14.231 there exist d,/3,7 € R satisfying 151|l such that if 
/, 0, ip, u, v € C°°(D) are constructed in Definition 14 . 31 using a, d, /3, 7 then 

u(£o,yo)=VO) ^(^0,2/0) = P and |^(£o,2/o) = 4o- (60) 

Define u,v € C°°(D L ) by 

y) = r~ 1 u{rx, r 2 y) — r u(xq, yo) + Uo an d v(x,y) = r~ 2 v(rx,r 2 y). 

As r < 1 and r < (3i) _1 it follows that if (aj, y) e £>l then (rx,r 2 y) e L>, 
so u, w are well-defined. Also, u, w and a satisfy (|17|) as u, v and d do, and 
u(xo,yo) = u o follows from the definition of u, so jBOjl implies (J23J- 

It remains only to show that (u — uq) 2 + (v — vo) 2 < N 2 on D^. This is 
implied by \u — uq\ ^ and \v — vq\ ^ on D^, which in turn follows from 

\u — u(xo, yo) I ^ l^-^V and |u — -0q| < ^r 2 ^ (61) 



24 



on D. But by [S] Cor. 4.4] the maxima and minima of u and v are achieved 
on d D. Thus it is enough for (|61|l to hold on dD, and further the maxima of 
u — u(xo, yo), v — i>o on dD are nonnegative, and the minima nonpositive. 

To prove this we use (|3(J[) to write u, v in terms of x, y, ^ and and then 
apply to show that ||||, ||| | < les^f 2 on dD. Using g ^ , (jsTjl and 
we can derive upper bounds for u — ii(xo, yo) and v — vq on <9£>. If they are less 
than \rN and \r 2 N respectively then (|61[) holds on 3D, and we are finished. 
This will be true provided A, B, C > are chosen small enough to satisfy certain 
inequalities involving N. We leave the details to the reader. 

This completes the proof of Theorem 14.11 The proof of Theorem 14.21 is 
similar, using Theorem 14. 251 rather than Theorem 14.231 



5 A priori estimates for ^, tt, t=t and ^ 

" Ox' oy^ Ox Oy 

We can now use the results of 21 and ^BJ Th. 6.9] to derive a priori interior and 
global estimates for derivatives of solutions u, v of (|17|) satisfying a C° bound. 



5.1 Interior estimates for and I 2 

ox ' ay ' ox ay 
Here are a priori interior estimates for du, dv when u, v satisfy i|17|) . 

Theorem 5.1. Let K, L > be given, and S,T be domains in R 2 with TcS°. 
Then there exists R > depending only on K,L, S and T such that the following 
is true. 

Suppose that a € R wii/i o ^ and |a| ^ K, and that u, v £ C 1 (5) satisfy 
<|17|) and ?i 2 + < L 2 . Then whenever (xo, yo) £ T , we have 



T^(x 0l y ) < V2R(v(x ,y ) 2 + y 2 + a 2 ) 

<9u . . ^ „/ , , 2 2 2\ -5/4 

^(3=0, yo) < R{v{xQ,y ) +y +a) 



2N-3/4 



and 



7^(%o,yo) ^ 2R ( v ( x o,yo) 2 + yQ + a 2 ) 



(62) 
(63) 
(64) 
(65) 



This gives good estimates °f f^i f^: fjj except when v,y,a « 0. But the 
equations (|17|1 are singular exactly when v — y = a = 0. So, we have good 
estimates of the derivatives of u, v except when we are close to a singular point. 

The proof of Theorem 15.11 uses |B| Th. 6.9], which was explained in ^ and 
which readers are advised to consult at this point. Applying this result with 
(u,v) equal to one of the families {u,v), (u',v') constructed in Ogives nonex- 
istence results for (u, v) with (u, v)(xo, yo) — (uo,vq) and prescribed dv(xa,ya). 
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In this way we exclude all values of dv(xo, yo) except those allowed by JSDHlJBSJl, 
which are equivalent to l^-lESll by (|T7I) . 

Theorem 15 . II follows from the next two theorems, which combine Th. 6.9] 
with Theorems 14.11 and 14.21 respectively. Note that we need both Theorems 14.11 
and !4.2l to prove Theorem 15. II 

Theorem 5.2. Let K, L > be given, and S,T be domains in R 2 with T C 
S° . Then there exists R' > depending only on K,L,S and T such that the 
following is true. 

Suppose that a 6 R with o ^ and \a\ ^ K, and that u, v <E C 1 (5) satisfy 
<|17|) and u 2 + v 2 < L 2 . Then whenever (xq, yo) <E T, we have 



du 



— (x ,y ) ^V2R'(y 2 + a 2 ) 



2N-1/2 



du 

9y 
dv 



1/2 



y + a 



— (x ,ito) < 2R'(v{x ,y ) 2 +yo+a 2 ) {yl + a 2 ) 
^(xo,yo)\^V2R'(y 2 + a 2 y 1/2 . 



(66) 
(67) 
(68) 
(69) 



Proof. As u,v satisfy (JT7I), equations (EH and (E7J) follow from (jHEJ and (|6l?j) . 
So it is enough to prove l|68|l and l|69() . Define 

M= sup (x 2 +y 2 ) 1/2 and TV = sup{e > : B e (x, y) C S V(x, y) £ T). 

(x,y)€T 

Then M, N > are well-defined, as T is compact and T C 5°. 

Let A, £?, C > be as in Theorem 14.11 using these K, L, M, N, and define 

R' = max(2 1 / 4 A- 1 , 2- 1 / 2 L5- 1 , 2- 1 / 2 (A/ 2 + K 2 ) 1 ' 2 ^ 1 ). (70) 

Then R' depends only on K, L, S and T, as M, iV and A, B, C do. Define 

u Q =u(x ,y ), v =v(x ,y ), p Q = (x , y ), q Q = |^(x , y ), 

*o = "0, 2/0 = ^0, wo = ^o, vo = yo, 

- Po , 5 = 9o ^ 

P ° K^+sg+o^-V^+gg n qo i K 2 +y 2 +fl2) -i/ 2p 2 +go2 - I J 

A straightforward calculation now shows: 

Lemma 5.3. Suppose either <|68|l or l|69|) does not hold. Then a, xo,yo,uo, 
vq,pq and qo satisfy equation 1)23(1 ■ replacing xo by Xq, o,nd so on. 

We can now finish the proof of Thcorcm l5.2l Suppose that either (|68|l or l|69|l 
does not hold. Then by Lemma f5. 31 the hypotheses of Theorem 14. II hold, with 
x , yo , uo , wo , Po , qo replaced by x , yo, u , v , p , q . Hence Theorem gUl gives 
u, v e C°°( J D L ) satisfying (JTZJ, (u - u ) 2 + (« - «o) 2 < N 2 and (J2H) - 
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But (uo,Vo) — (xo,yo) which lies in T, and so the open ball B/v(cc ,yo) of 
radius N about (xo,yo) lies in S, by definition of N. Therefore (ii, v) maps 
Dl — > 5. Applying |SJ Th. 6.9] then shows that there do not exist u,v G C X {S) 



-u 2 < L 2 and l|24[l . contradicting the definitions of uo,vo,Po 

□ 



satisfying lfT7|) . 

and <7o. Therefore both l|68|) and (|69fl hold, and the theorem is complete 
In the same way, combining Theorem 14 . 21 and |BJ Th. 6.9] we prove: 

Theorem 5.4. Let K, L > be given, and S,T be domains in R 2 with T C 
S° . Then there exists R" > depending only on K,L,S and T such that the 
following is true. 

Suppose that a G M with a ^ and \a\ ^ K, and that u,v € C 1 (S') satisfy 
l|17(l and « 2 + ir < L 2 . Then whenever (xo,yo) G T, we have 



On 

dx 
du 

dy 
dv 

dx^ 
dv 

dy 



(xo,yo) < V2R"(v(x Q ,y ) 2 - 

I I ~~ 5/2 

(^o,yo) < #"Nzo,yo) 



2 , 2\1/4| , A I -5/2 

y +a ) \v(x ,yo)\ 



1 /2 



I —5/2 



(#o,yo) < V2.R"(«(:eo,2/o) 2 + y^ + « 2 ) 1/4 |«(^o, yo) 



-5/2 



(73) 
(74) 
(75) 
(76) 



We now prove Theorem 15 .11 Let R' , R" be as in Theorems 15. 21 HT4l and put 

R = max(2 1 /2( i 2 + gupT | y |2 + K 2y/2 R ^ 2 ^R"). 

Let (a; , yo) G T, and divide into the two cases (a) v(xo, yo) 2 ^ y 2 + fl2 and (b) 
v(xo,yo) 2 > 2/o + fl2 - I Q case ( a ) we nave 

i?'(2/ 2 + a 2 )" 1 ^ ^ 2 1 / 2 i?'( w(a;o , yo f + y 2 + a 2 )- 1 ' 2 

< 2 1 /2(L 2 + sup T |y| 2 + K 2 Y' 2 R'{v{xo, yo) 2 + % 2 + a 2 )' 1 

< i?(u(x ,yo) 2 +y 2 + a 2 ) , 
and in case (b) we have 

i?>(*o, yo) 2 + yl + a 2 ) 1,A \v{xo, yo)f 5/2 < 2 5 / 4 J R>( a ;o, yo) 2 + y 2 + a 2 )' 1 

^R(v(x ,yo) 2 +yl+a 2 y\ 
Equations then follow from PHl - lK)^ in case (a), and l|73|l 176|) in (b). 

5.2 Global estimates for , , and ^ 

ox ' ay ' ax ay 

In analysis, interior estimates can usually be be extended to global estimates 
on the whole domain S by imposing suitable boundary conditions on OS. We 
shall now extend the results of H5.1l to all of 5, provided du,dv satisfy certain 
inequalities on dS. Here is our main result. 
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Theorem 5.5. Let J, K, L > be given, and S be a domain in R 2 such that 
T( x ,o)9S is parallel to the y- axis for each {x,0) in dS. Then there exists H > 
depending only on J, K, L and S such that the following is true. 

Suppose that a G M with a ^ and \a\ ^ if, and that u, v G C 1 (S') satisfy 



JT7J and 



v < L on S , and 



I I 

I cto I 



< J, 



I ^£ I 
I dy I 



J(v 2 +y 2 + a 2 ) 1 ^\v\- 5 ^ 2 on dS. Then for all (x ,y ) G S, we have 



du 



dx 



(xo,yo) 



dx 
< J 



(xo,yo) 



dy 
du 
dy 



(xo,yo) < H(v(x ,yo) 2 + vl + a 2 



(xo,yo] 



sC \j{v{x ,y ) 2 +yl + a 2 ) 



-1/2 



(77) 
(78) 



This is a global estimate for derivatives of solutions u, v of (|17|l on a domain 
S satisfying certain bounds on dS, similar to the interior estimates in Theorem 
15.11 Here ()77|l is essentially the same as Ij62|l and (|B5(I . but (|78|l is stronger 
than Ij63(l and Ij64|) . This is because §^ satisfies a maximum principle on S |S1 
Prop. 8.12], so ||f | < Jon dS implies 1 1 1| | < J on 5. 

The bounds needed in Theorem 15 . 51 for dv on dS are quite strong, in that we 
assume a bound on all of dv, but in applications such as the Dirichlet problem 
for v, we initially only know a bound on half of dv. In ^Jwe will implicitly 
show how to extend this to bound all of dv, so that Theorem 15 . 51 applies . 

The rest of the section proves Theorem l5.5l Consider the following situation. 

Definition 5.6. Let S be a domain in R 2 , such that for every point of the form 
(x, 0) in dS, the tangent line T^ x )dS is parallel to the y-axis. Let J, K, L > 
be given, and suppose that a G R with and \a\ ^ K, and that u, v G C 1 (S) 
satisfy (JHJ and w 2 + u 2 < L 2 on S, and ||f | s$ J, |§|| J(y 2 + a 2 )- 1 / 2 and 

|gH| s$ J(t> 2 + y 2 +a 2 ) lA >r 5/2 on 95. 

We shall show that under these assumptions, du, dv satisfy estimates similar 
to (^-(EUl on the whole of S. From 6, Prop. 8.12] and O we have: 

Corollary 5.7. We have | | < J and | | < ± J(w 2 + y 2 + a 2 )^ 1 / 2 on S. 

Thus the problem is to estimate = f|- We begin by bounding || away 
from the x-axis. 

Proposition 5.8. Let e > be small, and set S e — {(x, y) G S : |y| > e}. T/ien 
i/iere exists G > depending only on S, J,K,L,e such that \\jr\s e \\ c o ^ ^- 

Proof. The proposition will follow from an interior regularity result for quasi- 
linear elliptic equations on domains in R 2 wrf/i boundary portions. For linear 
operators of a certain form this is done in Gilbarg and Trudinger PI p. 302-4], 
and will be discussed in the proof of Proposition ^31 F° r quasilinear operators 
we can deduce what we need from the proof of Th. 15.2]. 

This says that if Q is a quasilinear elliptic operator of the form (0), then 
if a v and b and their first derivatives satisfy certain complicated estimates on 
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a domain S, and v G C 2 (S) with Qv = 0, then ||<9v||c Q ^ G for some G > 
depending on 5, ||w||c°) II^MaS'lIc ! and quantities in the estimates on a u and &. 

We may extend this result to an interior regularity result for domains with 
boundary portions, using the ideas of % p. 302-4]. That is, we suppose that the 
estimates hold in S e / 2 , but deduce the a priori bound on S e . The important 
point here is that S e / 2 is noncompact, and its boundary dS t /2 is part of dS. The 
closure S e /2 has an extra boundary portion, two line segments with y = ±e/2. 
But we do not need a bound for dv on these line segments. 

The price of this is that we can only bound dv away from y — ±e/2, which 
is why we end up with an a priori bound for ||<9w|sJ|c° rather than ||9«|s e / 2 ||c°- 
Since ||^| < J, \a\ < K, \v\ < L, and \e < y ^ sup s \y\ on 5' e /2, it is not difficult 
to show that the necessary estimates on a tJ and b hold at v with constants 
depending only on S,J,K,L and e. It then follows that ||f^|s t || c o ^ G for 
some G > depending only on S, J, if, L and e. □ 

It remains to bound |^ near the x-axis. We do this by extending Theorems 
15.21 and 15 . 41 from interior domains T to all points (xo,yo) in S near the x-axis. 
Here is the extension of Theorem 15.21 

Proposition 5.9. There exist constants e > depending only on S, and R' > 
depending only on S,J,K,L and e, such that if (xo,yo) G 5* with \yo\ < e then 
equations (I66[) - <|69[1 hold. 

Proof. Let small e > and large R' > be chosen, to satisfy conditions we will 
give later. Since u, v are C 1 and l|66() - (|69|l are closed conditions, it is enough 
to prove the proposition for (xo,yo) € S° rather than S. So suppose for a 
contradiction that (2:0,2/0) G 5° with \y \ < e, and that H66 [) - I|t)9[) do not all 
hold. As JBSJ-lESJl imply and JBSJ follows from Corollary ISTI when 

R' ^S> J, this means that (|69[) does not hold. 

We follow the proof of TheoremlO Set M = sup {x y)eS (x 2 +y 2 ) 1 ^ 2 and N = 
e. Let A, B, C > be as in Theorem l4.ll using these K, L, M, N, and choose R' 
greater than or equal to the r.h.s. of (|70|l . Define uo,vo,po,qo,xo,yo,uo,vo,po 
and qo as in l|71 |l — l|72 |l . Then Lemma 15.31 shows that a, Xo,yo,uo, vo,po and 
go satisfy (|23[) . Hence Theorem 14.11 gives u, v G C°°(Dl) satisfying l|17fl . (u — 
uo) 2 + (v - v ) 2 < e 2 and JUJ. 

Now |po| < J by Corollary (JHTJl and |g | > V^R'iVo + a 2 )~ 1/2 as 
does not hold. Hence po = 0(1) and go is large. Equation 1721) then gives 
Qo ~ ^o^ 1 an d Po = O(go)- The material of 21 then implies that u,v and their 
first derivatives approximate the affine maps 

u(x,y) & u +qo(x - x ), i>(x, y) ww + q (y - y ). (79) 

Define U = (u,v)(Dl). Then U C B e (xo,yo), the open ball of radius e about 
( x o>yo)i as u Q = xq, Vq = j/o and (u — u ) 2 + (v — v Q ) 2 < e 2 . Furthermore, l|79[) 
implies that U is approximately a closed disc of radius |go|£, and that the map 
(ii,v) : Dl — * U is invertible with differentiable inverse. 
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Let (u',v') : U — ► Dl be this inverse map. Then 6, Prop. 6.8] implies that 
u',v' satisfy JTJJ in U. Moreover, equations l[2"I|). iffljl and imply that 
u = u', v — v', du — du 1 and dv = 9i/ at (xo,yo)- Thus (u',v') — (u,v) has a 
zero of multiplicity at least 2 at (xo,yo) 5 m the sense of [SI Def. 6.3]. 

Suppose now that U C S. Then (u',v') and [u, v) satisfy l(T7|l in U. Now 
(it', i/) takes dU to <9£>l, the circle of radius L, and winds round dD^ once in 
the positive sense. Since u 2 + v 2 < I? it follows that the winding number of 
(u', i/) — (u,v) about along dU is the same as that of (u',v'), which is 1. So 
by HO Th. 6.7] there is 1 zero of (it', v') — (u, v) in U°, counted with multiplicity. 
But this is a contradiction, as (u',v') — (u,v) has a zero of multiplicity at least 
2 at (xq, yo) £ U° . This proves the proposition when U C S. 

It remains to deal with the case that U <jt S. Then U must intersect dS. 
Since \y \ < e and U C B e (xa,yo) it follows that \y\ < 2e on U. So if e is 
small enough, (xo,yo) and U must be close to a point of the form (x, 0) in dS. 
By Definition 15.61 the tangent line T^ x )dS is parallel to the y-axis. Thus, by 
making e small we can assume that U intersects a portion of dS close to (x, 0), 
and with tangent spaces nearly parallel to the y-axis. 

For s e M, define U s = {(x + s,y) : (x,y) £ If} and u' sl v' s : U s — ► M by 
(u' s ,v' s )(x,y) = (yf, v')(x — s, y). Then (u^,^) : C/ s — > £>i satisfy (|T7|l . Suppose 
for simplicity that (1,0) points inward to S at (x,0). Then U = U, and as 
s increases from zero, U s moves inwards into S, until U t lies wholly in S for 
some t = 0(e). 

The argument above shows that the number of zeroes of (u' t , v' t ) — (u, v) in 
Ut, counted with multiplicity, is 1. We shall show that as s increases from to t, 
the number of zeroes of (u' s , v' s ) — (u, v) in U s (1 S, counted with multiplicity, can 
only increase. Hence, the number of zeroes of (it', v') — (it, v) in U PI S, counted 
with multiplicity, is no more than 1, and as above we have a contradiction with 
jHJ Th. 6.7] because (xo,yo) is a zero of multiplicity at least 2, so the proof will 
be finished. 

The only way in which the number of zeroes of (u' s , v' s ) — (u, v) in U 8 (~)S with 
multiplicity can change as s changes, is if a zero crosses the boundary d{U s PI S). 
This consists of two portions, dU s (1 S and U s n dS. But on dU s n S we have 
(u' s ) 2 + (v' s ) 2 = L 2 and u 2 + v 2 < L 2 , so no zeroes can cross this part of the 
boundary. Thus, zeroes can only enter or leave U S C\ S across U° n dS. 

The next lemma computes of a zero (x(s),j/(s)) of (u' s ,v' s ) — (u,v), in 
terms of dv' s and dv. The proof is an elementary calculation using (|17fl . and is 
left to the reader. 

Lemma 5.10. Suppose (x(s),y(s)) is a zero of (u' s ,v' s ) — (u,v) inU s f]S. Then 



((m - -)) 2 + W + y 2+ - 2 r 1/2 iU< - -)) 2 ) • £ 




f y < ■£ y «~v) + \{v 2 + y 2 + a 2 yV 2 JLv' s lk« - v) 

&<-iM-v)-fr.--&M-v) 



(80) 
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When (x(s), y(s)) actually crosses we have ||^| ^ J(y 2 +a 2 ) x / 2 , by 
assumption. Also, from (|79(l we can show that -§^ v ' s ~ Qo and -§^ v ' s = 0(1). 
Therefore, provided i?' 3> J, careful calculation shows that dominant terms on 
both sides of (|5U)l are (-§^v' s ) 2 , and so ^ (x(s), y(s)) (1,0). But from above, 
T( x ,y)dS is nearly parallel to the y-axis, and (1,0) points inwards to S. Hence, 
as s increases from to t, zeroes of (u' s , v' s ) — (u, v) can only move into U' s n S, 
not out. This completes the proof of Proposition 15. 91 □ 

By using the solutions of Theorcm l4.2l instead of Theorem l4.ll using a similar 
proof we obtain a global analogue of Thcorcm l5.4l Combining these two results 
using the method of Theorem 15 . II then yields Theorem 15. 51 

6 The Dirichlet problem for v when a = 

Theorem 13.61 shows that the Dirichlet problem for equation (|21|l is uniquely 
solvable in arbitrary domains in R 2 for a^O. In this section we will show that 
the Dirichlet problem for l|21|) also has a unique weak solution when a = 0, for 
strictly convex domains S invariant under (x, y) i— » (x, —y). 

6.1 The main results 

The following theorem is an analogue of Theorem 13. 61 for the case a = 0, and 
the first main result of the paper. 

Theorem 6.1. Let S be a strictly convex domain in R 2 invariant under the 
involution (x,y) (x, —y), let k ^ and a E (0, 1). Suppose <\> 6 C k+2 ' a (dS) 
with 4>(x, 0) for points {x, 0) in dS . Then there exists a unique weak solution 
v of l|21l) in C (S) with a = and v\gs — 4>- 

Fix a basepoint (xo,yo) G S. Then there exists a unique u € C ' (S) with 
u(xo,yo) = such that u,v are weakly differentiate in S and satisfy (|16|l with 
weak derivatives. The weak derivatives fjt f| satisfy — S L P (S) 

for p e [1,§) } and || g L q (S) for q E [1,2), and || is bounded on S. Also 

u,v are C k+2 ' a in S and real analytic in S° except at singular points (x,0) 
with v(x, 0) = 0. 

Combined with Proposition 13 . 21 the theorem can be used to construct large 
numbers of U(l) -invariant singular special Lagrangian 3-folds in C 3 . This is the 
principal motivation for the paper. The singularities of these special Lagrangian 
3-folds will be studied in |7|. The restriction to boundary data <f> with cf>(x, 0) ^ 
for points (x, 0) in dS is to avoid singular points on the boundary dS. 

Our second main result extends Th. 8.9] to include the case a = 0. 

Theorem 6.2. Let S be a strictly convex domain in R 2 invariant under the 
involution (x,y) i— > [x, —y), let k ^ 0, a E (0, 1), and (xo,yo) G S. Define X to 
be the set of <f> E C k+2 ' a (dS) with <j>(x,0) = for some (x,0) E dS. Then the 
map C k+2 > a {dS) x R \ X x {0} -> C°{S) 2 taking (<f>, a) h-> (u, v) is continuous, 
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where (u,v) is the unique solution of (|17l) (with weak derivatives when a = 0) 
with v\gs — 4> and u(xo,yo) — 0, constructed in Theorem 13. 61 when a ^ 0, and 
in Theorem \6.1\ when a = 0. This map is also continuous in stronger topologies 
on (u, v) than the C° topology. 

The proofs of Theorems 16.11 and 16.21 will take up the rest of the section. 
Here is how they are laid out. Let S, <j> be as in Theorem 16. II In M6.2I for each 
a € (0, 1] we define v a e C k+2 ' a (S) to be the unique solution of l|2T)) in S with 
v a \dS = <t>, and u a ,f a such that u a ,v a satisfy (JT7J) and -S- = u a , ^ = v a . 
The idea is to show that u a , v a , f a — > u , vq, fo as a ~ > + , for unique, suitably 
differentiable UQ,v ,f S C°(S). Then u a ,vo are the weak solutions u,v in 
Theorem 16.11 

To show that these limits uq, vq, fo exist, the main issue is to prove a priori 
estimates of u a , v a , f a that are uniform in a. That is, we need bounds such as 
Il u n||c° ^ C f° r au a S (0,1], with C independent of a. Given strong enough 
uniform a priori estimates, the existence of some weak limits uq, vq, fo becomes 
essentially trivial, using compact embeddings of Banach spaces. 

Getting such uniform a priori estimates is difficult, since equations (|17fl and 
<|21|) really are singular when a = 0, so many norms of u a , v a such as ||9u ||co, 
IjcHvllc-o can diverge to infinity as a — ► 0+, and uniform a priori estimates of 
these norms do not exist. The part of Theorem 16.11 that gave the author most 
trouble was finding estimates strong enough to prove that u is continuous. 

This is important geometrically, as if it, v are not continuous then the SL 3- 
fold N in (I15|l is not locally closed, and one singular point of u, v will correspond 
to many singular points of ./V rather than one. To show u is continuous we use 
the nonstandard Sobolev embedding result Theorem l2.3l which allows us to trade 
off a stronger L p estimate of |j against a weaker L q estimate of 

The a priori estimates that we need are built up step by step in fcjH|53| In 
^6.31 we construct super- and subsolutions for v a near points (x, 0) in dS. This 
gives a positive lower bound for \v a \ near (x, 0), which proves that C2J and iJUJl 
are uniformly elliptic in a close to dS. Then M6.4I proves uniform C° estimates 
for u a ,v a , f a and some derivatives on S or dS. 

In H6.5l we use the results of ^jto prove uniform L p estimates for 
^ and and deduce uniform continuity of the u ai v a from Theorem 12^31 
Section proves the existence of limits uq, Vo, fo in C°, and that they satisfy 
l|16(l . I|18() and l|21() in the appropriate weak senses. Section lBTfl proves uniqueness 
of the solutions, and completes the proofs. 

The requirement that S be a strictly convex domain in R 2 invariant under 
(x, y) i — ► (x, —y) is unnecessarily strong. All the proofs above actually use is 
that S should be a domain in R 2 , and that for every point (x,0) in dS, the 
tangent to dS at (x, 0) should be parallel to the y-axis, and S should be strictly 
convex near (a;,0). 

The author believes that Theorem l6.1l actuallv holds for arbitrary domains S 
in R 2 . To extend the proof to such S would need suitable super- and subsolutions 
for v a near (x, 0) in dS, generalizing those of M6.3I Perhaps one can use the above 
Theorem 16. II to construct such super- and subsolutions. 
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6.2 A family of solutions of (|2"T|) 



We shall consider the following situation. 

Definition 6.3. Let S be a strictly convex domain in R 2 which is invariant 
under the involution (x, y) i— > (x,—y). Then there exist unique x\,x% € K 
with xi < a;2 and (x,,0) € for i = 1,2. Let fc > and a € (0,1), and 
suppose € C k+2 ' a (dS) with 0(^,0) ^ for i = 1,2. For each a G (0,1], let 
u a G C' c+2 ' a (S') be the unique solution of (|21fl in 5 with this value of a and 
v a \dS = </>, which exists and is unique by Theorem 13.61 

For each a G (0,1], let u a G C' C+2 ' Q (5') be the unique function such that 
u a ,v a and a satisfy l|17[). and u a (xi,0) = 0. This exists by Proposition ^. 41 Let 
fa G C' £+3 ' Q (S') be the unique solution of (Tf%j) satisfying ^ = u 0) ^ = v a 
and f a (xi, 0) = 0. This exists by Proposition ^. 31 

We will show that v a converges in C°(S) to vq G C°(S) as a — * 0+, and 
that is the unique weak solution of the Dirichlet problem for (|21l) on S when 
a = 0. The reason for supposing that </>(xj,0) 7^ is to avoid having singular 
points on the boundary OS. 

We begin by defining a family of solutions u a . 7 of (|21|l which we will use in 
H6.3I as super- and subsolutions to bound the v a near the (xi,0) for i = 1,2. 

Definition 6.4. Let i? > 0, and define Dr to be the closed disc of radius R 
about (0,0) in M 2 . For each a G (0, 1] and 7 > 0, define v ar( G C°°(D R ) to be 
the unique solution of (|21|l in with this value of a and w a |as = 7^, which 
exists and is unique by Theorem l3.6l Considering how v ar( transforms under the 
involutions (x,y) 1— ► (—x,y) and (x, y) 1— > (a;,— y), by uniqueness we see that 
w a ,7 satisfies the identities v a ^{— x, y) — —v ai -y(x,y), v an (x,—y) = v a ,^{x,y) 
and v an (0,y) = 0. 

Provided 7 is large enough, these v an satisfy certain inequalities on Dr. 

Proposition 6.5. There exists C > depending only on R such that whenever 
a G (0, 1] and 7 ^ C , the function u a . 7 of Definition \b\J\ satisfies v an (x. y) > 
when x > 0, v a< ^(x, y) < when x < and u aj7 (0, y) = 0, and 



Proof. In [HI Th. 5.1] the author defined an explicit family of solutions u a ,i) a 
of (Tf7|) on R 2 for all a ^ 0, with the properties that v a (x,y) > when x > 0, 
w a (^, y) < when x < and v a (0, y) = for all y, and 



Choose C > such that |u a (a;, y)| < C|x| whenever (x,y) G 5£>ii, for all 
a G [0,1]. This is possible because the u Q are smooth on 8Dr and depend 
smoothly on a, and v a {0,y) = 0. 



«a, 7 |^7M awrf w a, 7 + 2/ 2 ^ ^ on D R . 



(81) 



«a+y 2 = (^ 2 +Wa)(^+«a + 2a). 



(82) 
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Define Sjt to be the semicircle {(x,y) € Dr : x 0}. Let 7 ^ C. Then for 
each a € (0, 1] we have u ^ Cx ^ 7a; = v a ^ on <9Si?,. Since w a and v an satisfy 
in Sr, we see from Prop. 8.5] on Sr with v = v a and 1/ = u 0:7 that 
v a ^ »n,7 in Sr. But I'd (a:, y) > for x > 0, and thus v an (x, y) > when x > 0. 
Now v 2 7 ^i 2 in Sr, as v an w n ^ there. But it follows from (|82[1 that 
+ ?/ 2 ^ x ^ m Hence u„ + y 2 ^ a; 4 in Sr. Also u a , 7 ^ 7a: on SSfl, and 

Q( 1X ) = -(7 2 x 2 + y 2 + a 2 )~ 3/2 7 3 a; ^0 in Sr. 

Thus, applying Prop. 8.5] on Sr with u = v an and 1/ = 73; gives v an ^ 7a; on 
Sr, so that |w a ,7l ^ "f\x\ on S.r. This proves all the assertions of the proposition 
on Sr, that is, when x ^ 0. The case x < follows immediately using the 
identity v a ,j(-x, y) = -v an (x, y). □ 

6.3 Super- and subsolutions for v a near (xj, 0) 

Next we find a uniform positive lower bound for v 2 + y 2 + a 2 near dS for all 
a € (0, 1]. This will ensure that (|21|l is uniformly elliptic at the v a near dS. The 
difficulty is to estimate the v a near points (a;, 0) in dS, that is, near (xi, 0) and 
(x2, 0). We will do this by using the solutions d Qi7 of Proposition 16 . 51 as super- 
and subsolutions. 

Proposition 6.6. In the situation above, there exists S > such that whenever 
(x, y) € S with x ^ x\ + S then v a (x, y) 2 + y 2 ^ (x — xi — <5) 4 /or all a G (0, 1], 
and whenever (x, y) € S with x ^ X2 — S then v a (x, y) 2 + y 2 ^ (x ~ X2 + S) 4 for 
all ae (0,1]. 

Proof. We first prove the estimate near (xi,0). Suppose <j>(xi,0) > 0. Choose 
large 7 > and small S, R > such that the following conditions hold: 

(a) 7 ^ C, where C is given in Proposition ^. 51 

(b) for all (a;, y) € S with (x — x± — 5) 2 + y 2 = R 2 , we have 7(a;i — 5 — x) ^ 
infos 0; 

(c) for all (a:, y) € dS with [x — x\ — S) 2 + y 2 ^ R 2 and x ^ xi + S, we have 
4>(x, y) ^ 0; and 

(d) for all (x, y) € <9S with (a; — x\ — S) 2 + y 2 ^ R 2 and a- ^ a?i + S, we 
have 0(a;, y) ^ 7(a;i + # — x). 

For small enough 5 and i?, part (c) holds automatically and parts (b) and (d) 
are approximately equivalent to 7<5— jR 2 /2k ^ infgg (f> and -y<5 ^ </>(a;i, 0), where 
k > is the radius of curvature of dS at (xi, 0). It is then easy to see that if 
7, S, R satisfy 1 <C R~ 2 <C 7 <C <5 _1 then all the conditions hold. 

Define T = {(x, y) € S : (x - xi - S) 2 + y 2 ^ R 2 }, and for each a e (0, 1] 
define v' a € C°°(T) by v' a {x,y) — v a ,-y(xi + S — x,y), where v a ,j is given in 
Proposition 16.51 Then v' a and a satisfy (|21(1 in T, as v an and a do. Now T is 
a domain with piecewise-smooth boundary, which consists of two portions, the 
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first an arc of the circle of radius R about [xi + S,y), and the second a part 
of dS. 

We claim that v a ^ v' a on dT. On the first portion of dT, the circle arc, 
we have v' a {x,y) = j(x% — S — x) by definition of v a>1 , and thus the claim 
follows from part (b) above. On the second portion of dT, the part of dS, the 
claim follows from parts (c) and (d) above and the facts that v' a (x,y) ^ for 
x ^ x\ + S and v' a {x,y) ^ 7(2:1 + 5 ~ x) for x ^ x\ + S, which in turn follow 
from the statements in Proposition 16.51 that v a ,j(x,y) ^ when 1 ^ and 
v a ,j(x, y) ^ jx when x 0. 

Thus v a and v' a both satisfy (|2~T)l in T, and v a ^ v' a on dT. So by 6 , Prop. 8.5] 
we have v a ^ v' a on T. If (x,y) G 5 with x ^ x\ + S then G T, so that 

v a (x,y) > v' a (x,y), and also > and ^(x,y) 2 + y 2 > (2 - xi - <5) 4 by 

Proposition 16. 51 Combining these gives v a (x,y) 2 + y 2 ^ (a; — x\ — S) 4 . 

This proves the estimate near (#1,0) in the case (j)(xi,0) > 0. For the case 
(f>(x±,0) < we instead define v' a (x,y) — —v a ,-y{xi + S — x,y), and use it as a 
supersolution rather than a subsolution. For the estimate near (£2,0) we use 
the a similar argument, with v' a {x, y) — ±v a ^(x — x-i + 6, y). This completes the 
proof. □ 

The proposition implies that if (x,y) G S is close to (xi,0) or (#2,0) then 
v a (x, y) 2 +y 2 is uniformly bounded below by a positive constant. But if (x, y) G 
S is close to dS then either (x,y) is close to (afi,0) or (#2,0), or else \y\ is 
bounded below by a positive constant, and hence v a (x,y) 2 + y 2 is uniformly 
bounded below by a positive constant. Thus we may prove: 

Corollary 6.7. There exist e,J>0 such that whenever (x,y) G S lies within 
distance 2e of dS, then v a (x, y) 2 + y 2 + a 2 ^ J 2 for all a G (0, 1]. 

6.4 Estimates on u a ,v a and f a on dS 

Corollarv lG . 7l implies that l|21|) is uniformly elliptic at v a near dS for all a G (0, 1]. 
We shall use this to prove estimates on u ai v a and f a near dS. We begin by 
bounding the dv a on dS. 

Proposition 6.8. There exists K > with \\dv a \gs\\c° ^ K for all a G (0, 1]. 

Proof. Gilbarg and Trudinger [1 Th. 14.1, p. 337] show that if v G C 2 (S) 
satisfies a quasilinear equation Qv — of the form on a domain S and 
v \ds — 4> G C 2 (dS), then ||9w|as||co ^ if for some if > depending only on 5, 
upper bounds for ||v||c° an d ||0||c 2 : an d certain constants to do with Q, which 
ensure that Q is uniformly elliptic and b not too large. 

Examining the proof shows that it is enough for the conditions to hold within 
distance 2e of dS. We apply this to the solutions v a of 121fl for all a G (0, 1]. 
Corollary 16 . 71 implies that (|21|l is uniformly elliptic at the v a within distance 2e 
of dS for all a G (0, 1], and the other conditions of Th. 14.1] easily follow. 
Thus the theorem gives K > such that Hdvaldsllc ^ K for all oe (0,1]. □ 

This implies uniform C° bounds for u a , v a and C 1 bounds for f a . 
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Corollary 6.9. There exist constants K\, . . . , A5 > such that 

\\u a \\c° < Ki, \\du a \ds\\c < K 2 , \\va\\c° < #3, ||9w a |as||c° < #4, 
||^||c°<#4, and ||/a||oi<^B /orallae(0,l]. 



Proof. As |« | is maximum on 95* by [HJ Cor. 4.4] and v a \dS = </> we have 
Italic = K3 = ll'/'llc f° r au a - Proposition 16 . 81 gives ||9w a |as|jc° ^ K4 for all 
a, with A 4 = K. Thus | 757- |as | ^ A" 4 . But the maximum of | Qgjr | is achieved on 
dS by 6,, Prop. 8.12]. Hence \\^ || C o s$ A 4 . As (i7 2 + y 2 + a 2 r 1/2 <^ j-i on 9,5 
by Corollarv l6.7l we see from l(T7|l and ||9w a |as||c° ^ K± that ||9u a |as||c° ^ K 2 , 
with A2 = max(i J -1 , 1)A 4 . 

Now u a (a;i,0) = by definition and ||<9w Q |gs||c ^ K 2 , so ||u a |as||c° < 
^K 2 l(dS), where l(dS) is the length of dS. But u a is maximum on dS by 
Cor. 4.4], so ||tt„||c° < K l} where Kx = \K 2 l{dS). Similarly, ||9/ || C o < 
Ikollc + IKIIc° < Kx + A 3 , and / o (xi,0) = 0, so ||/ ||c° < \\dfa\\c« ' diam(S). 
Hence ||/ a || C i ^ A 5 , with A 5 = (A x + A 3 )(l + diam(S)). □ 

Corollary I6.9I bounded uniformly in S for all a G (0,1]. We now use 
Theorem 15 .51 to prove a slightly weaker result for 

Proposition 6.10. There exists Kq > such that 



I du a I I <9t> a 



s? A 6 (v 2 + + a 2 ) 1 in S for all a G (0, 1] . (84) 



Proof. The bound ||0i> o |3s||c ^ A for all a G (0,1] implies that there exists 
J > such that the boundary conditions on dv in Theorem l5 . 51 hold for a and v a 
for all a G (0, 1]. Set K = 1 and L = A1+A3+I, so that u 2 a +v 2 a sC A 2 +A| < L 2 
in S by JH3J|. Applying Theorem 15 . 51 with these J, A, L and S 1 gives H > such 
that (|77|l holds in S with u = u a for all a G (0, 1]. Setting Kq — H completes 
the proof. □ 

6.5 Estimates for Qjfr, in L p and u a , v a in C° 

Here is an exact expression for a weighted L 2 norm of dv a . 

Proposition 6.11. Let a G [0, h), and define J(a,v) — — J Q (w 2 + a 2 )~ a dw. 
Then for each a G (0, 1] we have 

j^+a 2 )-^ 2 ^^ (85) 
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Proof. Stokes' Theorem gives 



OS 



J(a,v a )du a 



du a A d(j(a,v a )) = / {v 2 a + a 2 ) a du a A dv a 
Js 



dx dy, 



using JHJ to rewrite %>-, in terms of a "'' 



<9a; 5 <9y 



□ 



We use this to derive uniform L p estimates on ^r 2 - , tt* , §^ and . 

ot 3 ay 7 ox oy 



Proposition 6.12. Let p £ [2, §), g € [1,2) and r e [l,oo). T7ien i/iere 



■'Pi ^gj 

|^||i-<^'ibr aBo6(0,l]. 



Proo/. Let p S [2, 1) and define a = p - 2, so that a € [0, s). Then (JHU gives 



I 3u 



a /,,,2 i „2\ — a I df a 



<9y 



<>y 



dy 



Integrating this over S gives 



dv a IIP 
oy II Lp 



,2\— a I dv a | 2 

1 J I a» 



dec dy < K% /„„ J (a, </>)dit a 



using equation l|85l) and v a \gs — 4>. 

Now from J(a,v) = — f (w 2 + a 2 )~ a dw we see that J(a, 0) = and 
||^(a,^)| ^ M~ 2q S so integrating yields L/(a,^)| s$ (1 - 2a) _1 1_2o! . Putting 
v = <p in this and estimating du a using l|83[) then gives 



as 



J(a,0)du a < (l-2a)- 1 U\\ 1 c0 2a K 2 l(dS), 



(86) 



where l(dS) is the length of dS. Combining the last two equations and taking 
p th roots gives < C p with C p = (X 6 Q (l-2a)- 1 ||</)||^ 2Q ^ 2 l(dS)) 1/p . 

To prove the second inequality, let q € [1,2) and put a — | — a different 
value of a. Then a 6 [-|, i), and using J7J) we see that 



(v 2 a +y 2 + a 2 ) 1 / 2 



— a I 8uq I 2 



9j/ 



^|(^ + « 2 )- Q (^ + y 2 + « 2 r 1/2 |^ 



Integrating this over S and using (|85|l and (|86l) shows that 



( V 2 + y 2 + a 2 )V 2 -|^| 2 da;d2/< 1 / J( a ,0) dUa 

J9S (87) 
^\{\-2ar 1 U\\ 1 ~ 2a K 2 l(dS). 



37 



Also |y| _1/2 G ^(S), and therefore 

Jtf + tf + cPr^dxdy s= jf Itfl-^drdy = \\\y\- 1/2 \\ L1 - (88) 

If />ff G ^(S) and /3 G (0, 1) then Holder's inequality gives 

l/fM^dzdi, < (Jjf\dxd y y ■ (jf Lgldxdy) 1 ^. 

Applying this to equations (|S7|) and (|S8l with (3 = q/2 yields 

< (Kl-2a)- 1 ||^||^ 2 /(95)) 9/2 ||| y |-^||W 2 ) 

as the powers of (u 2 + y 2 + a 2 ) cancel. Defining G^ to be the g th root of the 
r.h.s. then gives the second inequality. Finally, (|83[l implies that ||^ L |U'' ^ 
K 4 vol(S) 1 /'' = C 1 ; for all r € [1, oo) and a G (0, 1]. ' □ 

We use the L p bounds for and ^ to show that the u a , w a are 

uniformly continuous uniformly in a G (0,1]. This will imply that the limits 
Wo, vq of u ai v a as a — > 0_|_ are continuous. 

Proposition 6.13. /n t/ie situation of Definition fh*~3l there exist continuous 
functions M,N : S x S — > [0, oo) satisfying M{x' ,y' ,x,y) — M(x, y, x 1 , y'), 
N(x',y',x,y) = N(x,y,x',y') and M(x,y,x,y) = N(x,y,x,y) = /or a// 
(a;, y), (a;', y') G S 1 , smc/i t/iai for all (x, y), (x 1 , y') G S and a € (0, 1] we /iaue 

\u a (x,y)-u a (x',y')\ ^ M(x,y,x',y') 
and \v a (x,y) -v a (x',y')\ < N(x,y,x' ,y'). 



Proof. Choose p G [2, §) and g G [1,2) with p" 1 + g" 1 < 1. Then Theorem HOI 
gives continuous functions G, : S x S 1 — > [0, oo). Combining Proposition 16.121 
and Theorem 12. 31 we see that for all (x, y), (x',y r ) G S and a G (0, 1], we have 

\u a (x,y) - u a (x',y')\ < C p G(x,y,x',y') + C' q H(x,y,x' ,y') = M(x, y, x' , y'). 

Similarly, choosing p G [l,oo) and q G [2, |) with ]3 _1 + g -1 < 1, for all 
(x,y), (x',y') G S and a G (0, 1] Proposition 16 . 1 21 and Theorem 12.31 give 

\v a (x,y) - v a (x',y')\ < CpG(x, y, x , y') + C q H(x,y,x' ,y') = N(x, y, x, y'), 

where G, H are the continuous functions S x S [0, oo) given by Theo- 
rem starting from p, q rather than p, q. The conditions M(x',y',x,y) — 
M(x, y, x', y'), N(x', y', x, y) = N(x, y, x', y') and M(x, y, x, y) = N(x, y, x, y) = 
follow from the corresponding conditions on G, H in Theorem 12.31 □ 
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6.6 Existence of weak solutions when a = 

We can now construct a weak solution v of the Dirichlet problem for l|21|l 
when a = 0. 

Proposition 6.14. Let (a n )^ =1 be a sequence in (0, 1] with a n — > as n — > oo. 

TTien </iere exists a subsequence (a ni )°^ 1 and /o G C 1 (S') smc/i i/ia£ / 0n . — > /o m 
C 1 (S') as i — > oo. Lei Mo = and Uo = ^gr- Then u an — ► uq and v an . — > Vo 
m C (S) as i — > oo, and t>o|os = 0. 

Ptoo f. By Ascoli's Theorem |U Th. 3.15], the inclusion ^ C*°(5) is 

compact. But Corollarv lG . 91 gives ||/ a „||c 1 ^ Ks f° r an n - Thus the / 0n all lie in 
a compact subset of C°(S), and there exists a subsequence (a n J^j such that 
fan, -> fa in C"(S) for some / G C°(S) as i -» oo. 

Define A = |u a : a G (0,1]}, and regard A as a subset of C°(S). Then 
A is bounded, as || italic ^ by 1|83[) . and equicontinuous, by Proposition 
HTT51 Hence by Ascoli's Theorem P Th. 3.15] A is precompact in C°(S). So 
the sequence (it n „.)ti in A must have a convergent subsequence (wa ft .)£i in 
C°(S), converging to some u G C ^). We shall show that uq — ^ in S. 

Suppose yi < U2 and iff with (x, y) G S 1 whenever y G [j/i, 2/2]- Then 

/•J/2 

fa A .{x. / y 2 ) - fa n . (x,yi) = / u afiz (x, y) Ay. 

Jyi 

Let i — ► 00 in this equation. As (a^)^ is a subsequence of (an 4 )£i and 
/a„. — > /o in C°(S) as i — * 00, the left hand side converges to /o(x, yij — foix, y\). 
Thus, as u afl . converges uniformly to uq in S, we have 

fo(x,V2) - fo(x,y 2 ) = / u (a;,y)dy. 

-'1/1 

Differentiating this equation with respect to 2/2 and using continuity of uq shows 
that -g^- exists in S and equals uq. 

Thus the limit uq is unique, and so the whole sequence (« an .)™j converges 
in C°(S) to uq, rather than just some subsequence (u aft .)iSi, as otherwise we 
could choose a subsequence converging to a different limit. Using the same 
argument we prove that vq = ^7 exists in S and lies in C°(S), and v an , — > vq 
in C°(S). As Va n . \ds = (/> it follows that vo\as — <f>- 

Since /„ G C°\s) and §|, exist and lie in C°{S) we have / G C^S), 
and as / a „. -> / , ^/o n< -> ^/o and ^/ a „. -> ^/o in C°(S') as t -> 00, we 
have f an . — > /o in C 1 (5') as i — ► 00. This completes the proof. □ 

In the next result, when we say that tio,Uo satisfy Ijl6|) and /o satisfies Ijl9|l 
with weak derivatives, we mean that the corresponding derivatives exist weakly 
and satisfy the equations. 
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Proposition 6.15. The function vq satisfies i|21|) weakly with a = 0. The 
derivatives , §f, || eras* iueaA% and satisfy JTSJl, witfi ^ = ^ G 

/orp G [1, |), and 3^ G /or g G [1,2), and ^ bounded on S. 

The function fo satisfies <|19l) with weak derivatives and a = 0. 

Proof. We shall show that vo satisfies (|22|) weakly, which is equivalent to (|21() . 
Let A(a, y, w) be as in $2$. Then by lfT7)l. for all a G (0, 1] we have 

Thus Proposition EH gives ||J-4(a,y, v )|| i4 < 2C' q and ||^||lp < C p for 
pe [2, |), ge (1,2) and all a G (0,1]. 

The inclusions L"(S) L X (S) and i«(S*) L X (S) are compact by Aubin 
1 Th. 2.33]. Thus the functions ^A(a,y,v a ) for all a G (0, 1] and ^ for all 
a G (0, 1] lie in compact subsets of L 1 ^). So we may choose subsequences of 

the sequences (J^A{a ni , y, i> a „. ))^i and which converge in i 1 (5). 

By an argument similar to that in the proof of Proposition 16.141 we can 
show that these limits are the weak derivatives J^A(0,y,vo) and -§^vq. So 
the limits are unique, and the whole sequence converges to them, not just a 
subsequence. That is, J|A(0,y, v ) and -§^v$ both exist weakly in i 1 (S'), and 
■J^A(a ni ,y,v an .) -> J^A(0,y,v o ) and -§^v an . -> in L 1 (5) as i -> oo. 

Let ip G CjKS*). As u 0ra . and a ni satisfy (|22|l . multiplying by ?/> and integrat- 
ing by parts gives 

f 9tp 8 ., , , , „ /• a« a „. 

/ ' ^-^( a n* 5 2/)«o„ Jdxdy - 2 / — ■ ' dx dy = 0, 
Letting i — > oo in this equation shows that 

J s dx dx J s dy dy 

since -§^A(a ni , y, v an . ) -> ^ A(0, y, v ) and -j^v an . -> -§^v Q in L 1 (S) as i -> oo, 
and §^ G C°(5). Thus w satisfies JUJ weakly with a = 0. 

The proof above shows that exists weakly and is the limit in ^(S) of 
-§^Va n . as i — ► oo. Since -§^v ajl . = -§^u an . , it easily follows that exists weakly 
and is the limit in i 1 (S f ) of ^u a „. as i — > oo. Also, as ^• J 4(a Tli , y, u a „ . ) = 
— 2^jM Qti . , a similar argument shows that exists weakly and is the limit in 
of JjM a „ i as i ► oo . 

Since + y 2 + a 2 H is bounded above we can use this and (|17fl to deduce 

that exists weakly and is the limit in ^(S) of JjU a „. as i -> oo. Thus, 
the first derivatives of uq, vq and the second derivatives of fo exist weakly, and 
are the limits in i 1 (5') of the corresponding derivatives of u an . , v an . , / 0n . as 
i — >■ oo. The estimates in Proposition I6.12| and Corollary 16.91 then imply that 
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8«a = ^ G LP(5) for p G [1; | ); du± G for g e [X) 2); &nd ig bounded 

on 5. Taking the limit in L 1 (5 f ) as i — ► oo of equations (|17fl and (|19|l then 
completes the proof. □ 

Away from singular points (x,0) with t>o(x,0) = we can prove much 
stronger regularity of uo,vq. Near a nonsingular point (x,y), equation itTHf 
with a — is strictly elliptic. We use results of §6] to show that /o is C 2 - a 
near (x, y) and satisfies (|18|) with a = 0, and then |S1 Th. 3.6] gives: 

Proposition 6.16. Except at singular points (x,0) with vo(x 7 0) = 0, the func- 
tions uo, vq are in S and real analytic in S° . 



6.7 Uniqueness of weak solutions when a = 

Weak solutions of the Dirichlet problem for (|21() are unique. 

Proposition 6.17. Let v,v' <E C°(S) n L\(S) be weak solutions of (|5TJ on S 
with a = and v\qs = v'\ds = 0- TTien w = u'. 

Proof. Following Proposition 13.41 but using weak solutions we find that there 
exist it, u' € L\(S) such that u,v and u',v' satisfy i|16|) with weak derivatives. 
Using the ideas of M6.4I we can show that u,u',v,v' are C k + 2 ' a near dS, so 
u,u',v,v' are bounded. From Proposition 13.31 we see that there exist /, /' e 
C * 1 ^) n Lf(5) with g = u, || = u, |f = u ' an d |£ = v ' wea kly, that 

satisfy (|19J) with weak derivatives, and /, /' are C k+3,a near OS. 

Let 7 e R. Then as in [5] Prop. 7.5] we find that / — /' + jy weakly satisfies 
an equation L{f — f + jy) = 0, where L is a linear elliptic operator of the 
form JBJ with c = 0. Thus by the maximum principle for elliptic operators 
|21 Th. 3.1], which holds for weak solutions by p. 45-6], the maximum and 
minimum of / — /' + jy occur on dS. Furthermore, one can use [21 Lem. 3.4] 
to show that either the normal derivatives of / — /' + jy at the maximum and 
minimum arc nonzero, or else / — /' + "fy is constant in S. 

Let the maximum of / — /' + jy occur at (x, y) £ dS. Then 

- f' + iy)\( x ^ = v(x,y) - v'{x,y) = <j>(x,y) - <f>(x,y) = 0. 

But the derivative of / — /' + jy at (x, y) tangent to dS is also zero. Thus, if 
is not tangent to dS at (x, y) then the normal derivative of / — /' + jy at 
(x, y) is zero, and so / — /' + jy is constant. 

Therefore either / — /' +"fy is constant, or else the maximum (and similarly 
the minimum) of / — /' + jy occur at points (x, y) in dS where is tangent 
to dS. But as S is strongly convex there are only two points Xi,X2 in dS with 
J| tangent to dS. Choose 7 £ 1 uniquely so that ^- (/ — /' + 72/) = at 
xi. Then either / — /' + jy is constant, or else the maximum and minimum 
°f / — /' + iy both occur at X2, again implying that / — /' + jy is constant. 
Taking J| gives v = v' . □ 
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This implies that the limit vo chosen in Proposition 16.141 is unique. Thus, 
the entire sequence (i> a „)^Li converges to v in C°(S) rather than just the 
subsequence (i>a n . , since otherwise we could have chosen a different limit 
Vo. As this is true for an arbitrary sequence {a n )^ =1 in (0, 1], this shows that 
v a — > vq in C°(5) as a — > 0+. Similarly, the limits uq, fo are also unique, as the 
freedoms to add constants are fixed by Uo(xx, 0) = fo{ x i, 0) = 0. So we deduce: 

Corollary 6.18. As a — > 0+ m (0, 1] we have u a — > wo> "^a — * m C^S 1 ) and 

Theorem 16.11 now follows from Propositions l6.14H6.l7l For Theorem 16.21 
continuity in the a variable at a = for fixed <j) follows from Corollary 16.181 
since u a — * uq and w a — > wo in C (S) as a — * 0+. To prove continuity in the 
variable we need to show that small C^" 1 " 2 '" changes in </> result in small C° 
changes in u, v, and this can be seen by examining the proofs above. 

7 The Dirichlet problem for / when a = 

Theorem 13.51 shows that the Dirichlet problem for equation (|18|l is uniquely 
solvable in strictly convex domains for a =/= 0. In this section we will use the 
material of <|S1 and §G\ to show that the Dirichlet problem also has a unique 
solution when a = 0, but with weak second derivatives. 

7.1 The main results 

Here is an analogue of Theorem 13. 51 in the case a = 0. 

Theorem 7.1. Let S be a strictly convex domain in R 2 invariant under the 
involution (x,y) <— > (x,—y), let k ^ and a € (0,1). Then for each (f> € 
C k+3,a (dS) there exists a unique weak solution f of (|19f) in C 1 (S) with a = 
and f\gs — 4>- Furthermore f is twice weakly differentiable and satisfies <|18H 
with weak derivatives. 

Let u — j£ and v = Then u,v € C°(S) are weakly differentiable and 
satisfy <|16|) with weak derivatives, and v satisfies (|21|> weakly with a — 0. The 
weak derivatives ff,^^^ satlsfy ga = g£ e L p( 5 ) /or p e [1,2], and 

|| € L«(5) for q e [1,2), and is bounded on S. Also u,v are C k+2 - a in S 
and real analytic in S° except at singular points (x,0) with v(x, 0) = 0. 

Combined with Proposition 13. 21 the theorem can be used to construct large 
numbers of U(l) -invariant singular special Lagrangian 3-folds in C 3 . This is the 
principal motivation for the paper. The singularities of these special Lagrangian 
3-folds will be studied in [7J. 

Our second theorem extends [H| Th. 7.7] to include the case a = 0. 

Theorem 7.2. Let S be a strictly convex domain in R 2 invariant under the in- 
volution (x,y) i— ► (x, —y), let fc > and a £ (0, 1). Then the map C k+3 a (dS) x 
M. — ► C 1 (S') taking (</>, a) t—>fis continuous, where f is the unique solution of 
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I|18|) (with weak derivatives) with f\gg — <f> constructed in Theorem \t>.5\ when 
a^O, and in Theorem \l.l\ when a = 0. This map is also continuous in stronger 
topologies on f than the C' 1 topology. 

The proofs of these theorems take up the rest of the paper, and are similar 
to those of Theorems 16.11 and 16.21 Here is how they are laid out. Let S,<j> be 
as in Theorem O In 312 for each a e (0, 1] we define f a € C k+3 ' a {S) to be 
the unique solution of (|18|l in S with f a \as — 4>, an d u a = v a = As 
in 310 we aim to show that U a ,v a ,f a — > ito,Vo,/o as a — > 0+, where uoi u o,/o 
are it, u, / in Theorem 17. II and the main issue is to prove a priori estimates of 
u a ,v a , fa that are uniform in a. 

However, there are some important differences with 3U On the positive side, 
Theorem 13.51 immediately gives uniform bounds for H/allc 1 ? ll M a|lc° an d ||u a ||c - 
But as we have no analogue of the <j>(x,0) ^ assumption in Theorem 16. II we 
must allow v a to be zero at or near points (x, 0) in dS. Because of this, equation 
lfT%|) at f a need not be uniformly elliptic in a close to dS, so the methods of 
H6.3IH6.4l for estimating u a ,v a , f a near dS do not work. 

Instead, we do something different. The second derivatives of <j> give us 
a bound on half of du a , dv a on dS. Using this, and supposing dS positively 
curved at points (a;,0), in H7.3I we use a boundary version of the method of j|5j 
to estimate the other half of du a , dv a on dS near points (x, 0). 

Section lT^l then gives partial analogues of the a priori estimates of H6.4I - H6.5I 
As our bounds on on dS are not strong enough to apply the global estimates 
Theorem l5 . 51 uniformly in a, we instead have to work in interior domains TcS° 
for our LP estimates of jjfr when p S (2, |). 

In H7.5l we establish uniform continuity of the u a ,v a , as in H6.5I But because 
we only have interior LP estimates of we must do some extra work to 
show u a is uniformly continuous near points (x,0) in dS. Finally, H7.6I proves 
existence of the limit solutions /o, u$, v$, which is just as in H6.6I and uniqueness, 
completing the proofs. 

The hypotheses of Theorems 17.11 and 17.21 can be relaxed slightly, without 
changing the proofs: rather than requiring S invariant under (x,y) <— > (x, — y) 
we can ask only that each point (x,0) in OS has tangent T^ x ^dS parallel to 
the y-axis, and rather than requiring (f> £ C k+3 ' a (dS) we can ask only that <j) € 
C 3 (dS). 

Note that these two theorems do not have the awkward restriction that 
(j)(x, 0) ^ for points (x, 0) S dS in Theorems 16.11 and 16.21 For this reason 
we find them more convenient for applications such as constructing special La- 
grangian fibrations on subsets of C 3 , and we will generally use them in preference 
to Theorems 16 . II and 16 . 21 in the sequel 0. 

7.2 A family of solutions f a to (fTHj) 

Consider the following situation: 

Definition 7.3. Let S be a strictly convex domain in R 2 which is invariant 
under the involution (x, y) t— > (x, —y). Then there exist unique X\,X2 € M with 
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X\ < x-i and (xi,0) £ dS for i = 1,2. Let fc ^ and a e (0, 1), and suppose 
4> £ C k+3 ' a (dS). For each a £ (0, 1], let /„ e C* fc+3 < a (S") be the unique solution 
of (jT%)l in S with this value of a and / a |as = </>i which by Theorem 13.51 exists 
and satisfies H/allc 1 ^ C||0llc 2 f° r au a € (0, 1], where C > depends only on 
S, and in particular is independent of a. Set 

X = C\\(j)\\ C 2 and F= sup \y\. (90) 

Define u a , v a £ C fc+2 > Q (S) by u a = ^ and u = ^. Then 

ll/a||ci,IKIIo«,ll«a||co<X for all a 6 (0, 1], (91) 
and u a , v a and a satisfy i|17|) . and u a and a satisfy l|18|) . 

We will show that f a converges in C 1 (S) to f £ C 1 (S) as a — > + , and 
that /o is the unique weak solution of the Dirichlet problem for (|18l) on 5 when 
a = 0. The main difficulty in doing this is to establish uniform continuity of u a 
and v a for all a £ (0, 1], as we did for the v Dirichlet problem in Once we 
have done this, we can follow the proofs of ^5] with few changes. 

First we bound the f a in C 2 away from the x-axis. 

Proposition 7.4. Let e > be small, and set S e = {(x,y) £ S : \y\ > e}. 
Then there exists G > such that \\f a \s c \\c 2 ^ G for all a £ (0, 1]. 

Proof. Let S e /2 and S e /4 be defined in the obvious way. We prove the propo- 
sition in two steps. Regard P as in <|18(l as a linear operator, with coefficients 
a 13 depending on v a . Firstly we use estimates on S e /4 to bound ||/a|s e/2 ||c 1 -' 
uniformly in a £ (0, 1] for some 7 £ (0, 1). This gives a uniform bound A' for 
|| a. ZJ I s^/j, || c°-t - Secondly, we bound ||/o|sJ|c 2 -^ uniformly in a. 

The results we need are interior regularity results for linear elliptic operators 
on noncompact regions in R 2 with boundary portions. In the first step we use 
Gilbarg and Trudinger Th. 12.4, p. 302], extended to the boundary case as 
in |3 p. 303-4]. This deals with equations of the form Pu — f, where P is a 
linear elliptic operator of the form © with a tJ £ C°(S) and b l = c = 0. Note 
that l|18|) is of this form. 

Now j^e 2 < v 2 + y 2 + a 2 s$ X 2 + Y 2 + 1 on 5 e / 4 . Raising this to the power 

-\ we see from (JTHJ that £i,j=i a ij 'CiCj > H€l + £2) for a11 £ = (6,6) e R 2 
and ||a^|| c o < A hold in S e/4 , with A = min((A 2 +Y 2 + l)~ 1/2 ,2) and A = 
max(4e _1 , 2). Therefore 2, p. 302-4] gives 7 £ (0,1) depending only on A/A, 
and G' > such that ||/ a |s £/2 ||c^ «S G" for all a £ (0, 1]. 

This gives a uniform bound A' for Ha 1,7 |s e/2 ||c°t Following [2 Lem. 6.18], 
which gives a priori C 2n interior estimates for solutions of linear elliptic equa- 
tions with C 0,7 coefficients in domains with boundary portions, we find that 
there exists G > depending on A, A, 7, G' , S e n and S e such that ||/ a |s e ||c 2 ^ ^ 
G for all a £ (0, 1]. Hence ||/a|sj|c 2 ^ G for all a, as we want. □ 
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Thus, d 2 f a is uniformly bounded on dS except arbitrarily close to the points 
(xi, 0) for i = 1,2. So we shall study u a , v a and f a near these points. Fix i = 1 
or 2. As S is invariant under (x, y) i— > (x,— y), the tangent to 95 at (x,,0) is 
parallel to the y-axis. Thus we may use y as a parameter on dS near (xj,0), 
and write (x, y) € dS near (xj, 0) as (x(y),y) . Regard as a function of y near 
(xj,0). Then differentiating the equation f a {x{y) 1 y) — (f>(y) once and twice 
w.r.t. y gives 



4> = u a (x,y) +v a (x,y)x and (92) 

(93) 



v du a . <9u a dv a . 2 dv a 

<P = -5— x + -5 1" TT~ x + ~n ^ + «a X 

ax ay ax ay 
- ^(1 - 2(«2 + 2/ 2 + a 2 ) 1 ^ 2 ) + 2^ x + «. x, 

writing '"' for and using l|17|l in the final line. 

Now when y = we have x = and x — m, where k% is the curvature of dS 
at (xj,0), measured in the direction of increasing x. Thus x ~ to leading 
order in y near (xj, 0). As S 1 is strictly convex, it follows that «i > and n 2 < 0. 
We can use <|§31 to prove: 

Proposition 7.5. There exist e,H > and smooth functions Fi tCt : [— e, e] — ► M 
/or i = 1,2 and a e (0,1] wz£/i i^ >a (j/) ~ 2/Cjj/| ^ smc/i i/iai /or a/Z 

(x,y) S 9S 1 close to (Xj,0) and wi/i |y| ^ e, we ftawe 

^( x ,y)+ Fi , a ( y )^(x,y)\<H for all a € (0,1]. (94) 



Here F i:a {y) = 2x(l — 2(u 2 + y 2 + a 2 ) 1 / 2 x 2 ) , so it does depend on a and 
v a . But the approximations above give F i a (y) ss 2Kj?/ for small y, and one can 
show that for e > depending only on S and upper bounds 1,X for \a\, \ v a \, if 
\y\ e then |F i)0 (j/) - 2n t y\ ^ \n t y\. 

7.3 An a priori bound for ^ on dS* 

Proposition 17.41 bounds du a ,dv a on dS* away from the x-axis, and Proposition 
17.51 in effect bounds half of du a , and hence dv a , on dS near the a-axis. The 
following theorem in effect bounds the other half of du a and dv a near the x- 
axis. The proof, which is unfortunately rather long and complicated, adapts the 
method of 

Theorem 7.6. There exist 8, J > such that for all (xo,j/o) € dS 1 cZose to 
(xj,0) for i — 1 or 2 and mit/i 1 3/0 1 ^ S, we have 

^J(yl + a 2 y 1/2 for all a G (0,1]. (95) 



(#0,2/0) 



81] 



(xo,yo) 
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Proof. Choose small 6 > and large J > 0, to satisfy conditions we will give 
during the proof. Suppose, for a contradiction, that (xo,yo) € dS is close to 
(xi, 0) for i — 1 or 2 with \yo\ ^ S, and that (|95|l does not hold for some given 
a E (0, 1]. Let e be as in Proposition l7.5l and suppose 6 ^ e. Then Proposition 
17.51 implies that (|MJl holds at (x ,yo)- Define 

u = u a (x ,y ), v = v a {x ,y ), p = ^ (x a , y ) and q = ^f(x ,yo)- 

Then as <|95|1 does not hold we have 



These imply that qo is large, and that po is small compared to qo. 

Set L = 10X, and define £q, yo, uq, vq,po, qo as in J75J. Then as in the 
proof of Proposition 15. 91 we can show that if 6 > is small enough and J > 
large enough there exist u, v € C°°(D L ) satisfying ((T7|l and J23J, and with 
(it — uq, v — Vq) bounded by a small constant. Furthermore, as qo is large and 
Po small compared to qo, we find that u, v approximate the affine maps l|79|) up 
to their first derivatives. 

Define U = (u,v)(Dl)- Then as in the proof of Proposition 15.91 U is ap- 
proximately a closed disc of radius |<?o|-^, and (u,v) : Dl — ► U is invertible with 
differentiable inverse (v! ,v') : U — > Dl- Moreover, u',v' satisfy (|17|l in U, and 
by construction we have u a = u' , v a — v', du a = du' and dv a = dv' at (xo,yo)- 
Thus (u',v') — (u a ,v a ) has a zero of multiplicity at least 2 at (xo,yo)j m the 
sense of [H] Def. 6.3]. 

To complete the proof, we follow a similar strategy to Proposition 15.91 
Roughly speaking, we shall show that the winding number of (u! , v') — (u a , v a ) 
about along the boundary of U n S is at most 1. But this contradicts 
Th. 6.7], as the number of zeroes of (u' , v') — (u a , v a ) mUr\S counted with mul- 
tiplicity should be at most 1, but we already know there is a zero of multiplicity 
at least 2 at (xo,yo)- This then proves the theorem. 

There are two problems with this strategy. The first is that (xo, yo) lies on 
the boundary of U fl S rather than the interior, and so the winding number 
of (u',v') — (u a ,v a ) about along d(U n S) is not defined, and [21 Th. 6.7] 
does not apply. To deal with this we perturb (xo,yo) a very little way into the 
interior of U PI S, and construct a slightly different (u 1 ,v') to intersect (u a ,v a ) 
with multiplicity 2 at the new point (xo,j/o) instead. Since u a ,v a are C 1 and 
(|96|) and (|97l) are open conditions, we can still assume that (|96|l and 197fl hold 
at the new (xq, yo)- 

The second problem is how to prove that the winding number of (u 1 , v') — 
(ua, v a ) about along d(U n S) is at most 1, given that we do not know much 
about the behaviour of (u a , v a ). We shall use the method of Th. 7.10], which 




(96) 



\ Po \ < 2{vl + y 2 + a 2 ) 1/2 |iv(j/o)| • \qo\ + ^1 + vl + a 2 ) 1/2 H, 
where \F it a(yo) ~ 2Kiy \ < \Kiy \. 



(97) 
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bounds the number of zeroes of (m, V\) — (u 2 , U2) in 5* in terms of the stationary 
points of the difference f\ — fi of their potentials. Here is the crucial step in 
the proof. 

Proposition 7.7. Let f E C°°(U) be a potential for u',v', as in Proposition 
W.cA Then f — f a has at most two stationary points on the curve U fl dS. 

Proof. From above, u, v approximate the affine maps in (|79fl up to their first 
derivatives. Inverting this, we find that u',v' also approximate the affine maps 

u'{x,y) w u + q (x - x ), v'(x,y) w v + q (y - y ) (98) 

up to their first derivatives. Hence the potential /' approximates the quadratic 

f'(x, y) f» u a (y - yo) + v (x - x ) + q a (x - x )(y - yo) + c (99) 

up to its second derivatives, for some cel. We are being vague about what 
we mean by 'approximates' here. An exact statement can be derived by using 
Theorem 14.211 to estimate (u,v) and its derivatives, and then inverting. 

As in $7.2\ we may parametrize OS near (xj,0) as (x(y),y) with x(y) as 
Xi + T;Kiy 2 for small y, where Ki ^ is the curvature of dS at (xj, 0). It follows 
that the restriction of /' to dS is approximately 

f(x(y),y) ~ l K iqoy 3 + |«»(uo - qoyo)y 2 + («o + qoxi - qo%o)y + d, (100) 

where d — c—Uoyo+(qo+Vo){xi—Xo). By making J large enough we can suppose 
that \q \ > 2\n i \- 1 by ®. Thus f'\ unds approximates a cubic polynomial in 
y with large third derivative. 

Now /a|as = <p € C k+3 ' a (dS). So by choosing J large compared to ||</>||c 3 
we can ensure that 1 3^3- Unas | "C 3|«{go|- Therefore, provided the approxi- 
mations are valid, ^s(f ~ fa) I unds has the same sign as k^q on U n 95, and 
it easily follows that /' — f a has at most two stationary points on U fl 

To make this into a rigorous argument, we need to consider the approxima- 
tions above very carefully using the estimates of H4.5I and make sure that for 
small e and large J, the effect on the second and third derivatives of /' of the 
'error terms' we have neglected are always significantly smaller than the 'leading 
terms' given in l|99|l and 11UUI) . We will not do this in detail, as it is long and 
dull, but here is a sketch of the important steps. 

Firstly, U is approximately a closed disc of radius \qo\L with centre (xo, yo) — 
qo(uo,vo). Since Uq + v 2 ^ X 2 and L = 1QX, it follows that for (x,y) € U we 
have I y — yo | ^ |jj|go|.L, approximately. As qo ~ g" 1 , we see from Ij96|l that if 
(x,y) £ U then \y — y \ ^ j^J~ 1 L(y 2 + a 2 ) 1 / 2 , approximately. So by choosing 
J>Lwe easily show that 

\(y 2 + a 2 ) ^y 2 +a 2 ^ 4(y 2 + a 2 ) onU. 

As (u,v) maps Dl — > U, this implies that 

\{yl + a 2 ) sC v 2 + a 2 < 4(y 2 + a 2 ) on D L . 
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Now (il, v) is constructed using the solutions of Theorem 14.11 and these are 
estimated in terms of a parameter s, which is roughly a lower bound for (v 2 +y 2 + 
a 2 ) 1 / 2 . The equation above implies that (v 2 + y 2 + a 2 ) 1 ^ 2 > ±(y 2 + 2 ) 1 / 2 on D L . 
This means that for the solutions (u,v) the parameter s in jJ3|is approximately 
(y 2 + a 2 ) 1 / 2 , up to a bounded factor. Therefore we can use Theorem 14.211 to 
estimate the derivatives of v in terms of powers of (y 2 . + a 2 ) 1 / 2 . 

Secondly, some detail on the estimates we need. For the argument above 
to work, we need the approximation 1)99(1 to hold up to third derivatives with 
errors small compared to go- That is, we need 

W = W=<7o+o(<?o), %=o(qo), fgf=o(<fo), d 2 u' = o(q ), d 2 v' = o(q ), 

using the o(. . . ) order notation in the obvious way. Since (u, v) is the inverse 
map of (it',i/), calculation shows these are equivalent to: 

§ = ^ = % 1 + o(qo 1 ), i=o(%- X ). 
f = (% 1 ), d 2 u = o(q^ 2 ) and 9 2 t) = o^ 2 ). 

Now (u,v) were constructed in Theorem 14 . 1 1 bv rescaling the solutions u,v 
studied in i l4.2l -i l4.fll For simplicity let us ignore this rescaling process, and 
identify u, v with the solutions u, v of E 14.2l -fc l4.fll Then from 1(30(1 we have v — 
a + fly + 72; + ip, where a, fl, 7 G R with /3 w c^ -1 and 7 » poqQ 2 ■ Hence we 
can use Theorem 14.211 to estimate the derivatives of v, in terms of powers of 
7 w po9o~ 2 an d s « (j/q + a 2 ) 1 / 2 . Using 1(17(1 we can then deduce estimates for 
the derivatives of u. 

Thirdly, we divide into the two cases (a) \vq\ ^ (y 2 + a 2 ) 3 / 8 , and (b) \vq\ > 
(Ho +a 2 ) 3 / 8 . In case (a), we can use Theorem l4.21l to prove ((101(1 . because 1(97(1 
implies that pa = 0({y 2 + a 2 ) 3 / 8 1 j/o | |<7o|) , an d this gives an estimate for 7, which 
turns out to be exactly what we need. 

However, in case (b), the most direct approach is insufficient to prove ((101(1 
on all of U D dS, so we have to do something different. We divide U D dS into 
three connected regions, (i) \y - y \ < ||uo5o|; (ii) V > Vo + ||«o9o|; and (iii) 
y < yo — llfoSol- I n region (i) we see from that \v'\ ^ h\vo\, approximately. 
So when we invert (u', v') to get (u, v), the curve in Dl corresponding to region 
(i) will satisfy \y\ ^ 5IV0I, approximately. Thus when we apply Theorem 14.211 
to estimate the 'errors', as above, the top line of ((48(1 is strong enough to prove 
that £^3 (/' - fa)\unds has the same sign as k^q on region (i). 

In regions (ii) and (iii), we instead use similar arguments to show that 
— fa)\unds has the same sign as k^q on region (ii), and the opposite 
sign on region (iii). Thus we see that -§p{f ~ fa)\unds has exactly one zero 
on U n dS, and so — fa)\undS has at most two zeroes on U fl dS. This 

completes the proof of Proposition 17. 71 □ 

Divide the boundary d(U n S) into two curves 71 = dll n S and 72 = 
U n dS. As U is approximately a closed disc of small radius \qo\L, and dS is 
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approximately parallel to the y-axis near U , it easily follows that 71 and 72 are 
homeomorphic to [0, 1]. As we have moved (xq, yo) a little way into the interior 
of UC\ S it follows that (u' , v') ^ (u a ,v a ) on d(Ur\ S). Define &j to be the angle 
that (u' , i>') — (u, v) winds around zero along the curve jj for j — 1, 2, where 7^ 
has the orientation induced from dU or dS. Then 81 + 62 = 2irk, where k is the 
winding number of (u',v') — (u,v) about along dU. Theorem 17.61 will follow 
from the next two lemmas. 

Lemma 7.8. In the situation above, 0\ < 2tt. 

Proof. From above, U is approximately a closed disc of radius \qo\L with centre 
(^0) Uo) ~ Qo( u Oi w o)i an d dS is near U approximately parallel to the 2/- axis, and 
passes very near {xq, yo). Since Uq + v$ ^ X 2 and L — 1QX, it follows that dS is 
to first approximation a straight line which passes within distance \qo\L of the 
centre of the approximate closed disc U. Thus 71 occupies between tt—2 sin -1 jq 
and 7r + 2sin~ 1 radians, approximately, of the approximate circle dU. 

But (it', v') : U — > Dl takes 71 to a portion of the circle 8Dl, approximately 
preserving angles. Therefore (u' ,i/)(7i) sweeps out an arc of dD^ with angle 
approximately in the interval [2-94, 3-34] radians. Arguing in more detail, using 
the estimates on u, v in ^1 one can show that if J is big enough then (u', i/)(7i) 
is no more than 5 radians of the circle dD^. 

Now on 71 we have \(u', v')\ = L and (tt ,u a ) ^ X — jqL. As the angle 
swept out by (u',v') about along 71 is no more than 5 radians, it follows 
that the angle swept out by (u', v') — {u ai v a ) about along 71 is no more than 
5 + 2 sin -1 -L = 5 ■ 20 radians. Thus 6»i 5 • 20 < 2vr. □ 

Lemma 7.9. In the situation above, 62 < 2tt. 

Proof. As above, we may parametrize dS near (2^,0) as (x{y),yj with x(y) « 
Xi + ^Kiy 2 for small y. So 72 is parametrized by {x(y),y) for y in some small 
interval [y\ , j/2] ■ Therefore 

-^{f - fa)\undS = (u' - u a ,v' - v a ) • (l,x(y)) for y S [2/1,2/2], 

where x(y) = -^x(y). Now Proposition [T7\ implies that ^(/' - f a )\unds can 
change sign at most twice on 72. This shows that the angle between (u' — u a , v' — 
v a ) and can cross over zb^ modulo 2n at most twice on 72. So we shall 

prove the lemma by comparing the angles that (it' — u a , v' — v a ) and (1, x) rotate 
through about along 72. 

For simplicity, suppose that i — 2, so that 72 is oriented in the direction of 
increasing y and k,; = n 2 < 0, and suppose that qo > 0. The other possibilities 
of i = 1 or 2 and qo > or go < follow in the same way. Then from the proof 
of Proposition 17. 71 as Kiq < we see that — f a )\unds is negative near 

y = y\ and y = 2/2, and from the proof of Lemma 17.81 we see that at y = y% 
we have v' — v a < 0, and at y = 2/2 we have v' — v a > 0, and u' — u a is small 
compared to v' — v a at both y = yi and y = 2/2- 
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If a^(/' _ fa)\unas < on all of 72, then (u' - u a ,v' - v a ) ■ (l,x) < on 
72, which approximately says that u' — u a < on 72, as x is small. A little 
thought shows that the angle 82 which (vf — u a ,v' — v a ) rotates through along 
72 is approximately —ir. 

If 3^ (/' _ /a) I Unas changes sign twice on 72, then [v! - u a , v' — v a ) rotates 
through an extra angle of 2tt, or —2t: compared to (1, x). Hence 82 is approx- 
imately 7r, — 7r or — Sir. By explaining what we mean by u' — u a being small 
compared to v' — v a at y = yx and y = y 2 , we may easily show that 8 2 < 2n. □ 

We can now finish the proof of Theorem 17.61 From above #1 + #2 = 2irk, 
where k is the winding number of (u' , v') — (u, v) about along d(U n S). But 
8\, 62 < 2tt by the last two lemmas. Hence k < 2, and so the winding number 
of [u 1 , v 1 ) — (u a , v a ) about along d(U fl S) is at most 1. But (u r , v') — (u a , v a ) 
has a zero of multiplicity at least 2 at (xq, yo) in (U fl S)° , so Th. 6.7] gives 
a contradiction. □ 



7.4 Estimates for #s #S 2sl 4^ on 95 and in L?(S) 

ot ' ay 1 ox ' ay v ' 

Next we prove analogues of the estimates of *I6. 41 - ^6.51 in the situation of this 
section. Combining Theorem 17. 61 and the results of H7.2I we deduce: 

Corollary 7.10. There exist constants K\,K2 > such that 



du a 



dx 
dx 



dv a 



dy 



^K^y 2 



-1/2 



du a 



dy 



< K2 and 



s? 2K 2 {v 2 a + y 2 + a 2 ) 1 ' 2 on dS, for all a € (0, 1]. 



(102) 



Proof. Theorem implies that |^| < J(y 2 + a 2 )- 1 ' 2 for all a e (0,1] and 
{x,y) £ dS with \y\ ^ 6, for some 5, J > 0. Apply Proposition 17.41 with e 
replaced by this S. This gives G > such that | 1 ^ G for all a G (0, 1] and 
(x, y) € dS with \y\ > S. Combining these shows that \^\ < Ki(y 2 + a 2 ) -1 / 2 

on dS for all a e (0, 1], where K x = max(j, G(Y 2 + 1) 1/2 ). This proves the first 
inequality of (|102[l . 

Proposition ^. 51 gives e, H > and functions i 7 !^ such that if (x, y) S 95 is 
close to (#,, 0) and |y| ^ e then by (|94() we have 



du du 

^Z^MKily 2 + a 2 ) 



H 



2-V-1/2 



using the first inequality of l|102|) and |-Fi, a (y) — 2/«jy| ^ so that |-Fi >0 (y)| ^ 

3|Kj||y|. Applying Proposition 17.41 with this value of e gives G > such that 
I < G for all a e (0,1] and (x,y) G 55 with |y| > e. Combining these 



shows that l^p-l ^ if 2 on dS for all a G (0,1], where K2 = max(3|Ki|i^i 
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H, 3\kz\K\ + H,G). This proves the second inequality of l|102|) . and the third 
follows from (JT7J. □ 

As \v a \ ^ X by (jnU> we see from JTHIJ that < A 3 on 95 for all 

a € (0,1], where A 3 = 2A 2 (A 2 + Y 2 + l) 1 / 2 . Thus from 6, Prop. 8.12] we 
deduce: 

Corollary 7.11. There exists A3 > such that ^ A 3 m 5 for all a E 

(0,1]. 

These two corollaries will serve as an analogue of Corollary 16.91 Unfortu- 
nately we do not have an analogue of Proposition 16 . 101 on all of S, as Corollary 
I7.10l is not strong enough to apply Theorem l5.5l However, by applying Theorem 
15.11 with A = 1 and L = X we deduce the following analogue of Proposition 
16. 101 in interior domains T C S° . 

Proposition 7.12. Let T C S° be a subdomain. Then there exists A4 > with 
ll^l = 1^1 < A 4 (^ + y 2 + a 2)- 1 inT for alia e (0,1]. (103) 



The integrals of (|85|l are bounded uniformly in 



Proposition 7.13. Let a E [0, and define J(a,v) as in Provosition \fj. 1 11 

Then there exists D a > depending only on a such that J gs J(a,v a )du a ^ D a 
for all a E (0, 1]. 



Proof. We have \ j(a,v a )\ < (1 - 2a)~ 1 \v a \ 1 ~ 2a < (1 - 2a)~ 1 X 1 - 2a 
proof of Proposition ^. 121 and so 

J(a, v a )du a < (1 - 2a)- 1 X 1 - 2a [ \du a \ 

JdS 

J Q ox ds oy ds 
where s 1— > (x(s), y(s)) is a parametrization [0, 1] 1— > 35 of 95. 



as in the 



ds, 



Now llJ^I < Ai(y 2 -fa 2 )" 1 / 2 and | ^ | s$ A 2 on OS by Corollary 03 



Also, when y is small we see that (x(s), y(s)) is close to (xi,0) for £ = 1 or 2, 

sC C\y\\^\ for s G [0,1] and some C > 



and then 4^ 



Thus 

depending only on S. Hence 



I ds 



du a dx du a dy 
dx ds dy ds 



ds^ / (K 1 {y 2 +a 2 )- 1 ' 2 C\y\+K 2 ) 



dy 
ds 



ds. 



As (y 2 +a 2 ) 1 ^ 2 \y\ ^ 1, combining the last two equations proves the proposition, 
with D a = (l- 2a)- 1 X 1 - 2a {K 1 C + A 2 ) /* | ff |ds. □ 

Following the proof of Proposition 16 . 1 21 we show: 



51 



Proposition 7.14. Let q£[l,2) and r€[l,oo). Then there exist C2,C q ,C' r ' > 
SU ch that = \\^\\ L2 < C 2 , < C' q and \\^\\ L r <; C» for all 

a S (0, 1]. Let T C S° be a subdomain, and let p G (2, |). Then there exists 
Cj > such that || ^ |t|| lp - H^ItIU* < Cj for all a G (0, 1]. 

The difference between this and Proposition 16.121 is because the proof of 
Proposition 16.121 for p > 2 involved Proposition I6.1UI but its analogue in this 
section is Proposition l7.12l which only holds in interior domains T C S° . Hence 
we can only prove L p estimates for for p > 2 on such subdomains T. 

7.5 Uniform continuity of the u a , v a 

Now we can prove the analogue of Proposition ^. 13l which shows that the it Q , v a 
are uniformly continuous for all a G (0, 1]. The proof for v a is as in H6.5I but 
because we can only bound ^ L in LP in interior domains T c S°, we have to 
introduce some new ideas to show that u a are uniformly continuous near (xi , 0) 
for i = 1,2. 

Theorem 7.15. Ln the situation of Definition \ 7. t\ there exist continuous M, N : 
S x S -> [0,oo) satisfying M(x',y',x,y) = M(x, y, x', y'), N(x',y',x,y) = 
N(x,y,x',y') and M(x,y,x,y) = N(x,y,x,y) = for all (x, y), (x', y') G S, 
such that for all (x, y), (x', y') G S and a G (0, 1] we have 

\u a (x,y) - u a (x',y')\ < M(x, y, x', y') 
and \v a (x,y) - v a (x',y')\ < N(x, y, x' , y'). 



Proof. Choose p > 2 and set q = 2. Then Theorem 12.31 gives continuous func- 
tions G,H : S x S — * [0, oo). Combining Proposition l7. 141 and Theorem 12. 31 we 
see that for all (x, y), (x 1 , y') G S and a G (0, 1], we have 

\v a (x,y) - v a (x',y')\ ^ CpG(x,y,x',y') + C 2 H(x,y,x',y') = N(x,y,x',y'). 

This defines N : S x S — > [0, oo) satisfying all the conditions of the theorem. 
The next three lemmas construct versions of M on subsets of S. 

Lemma 7.16. Let T C S° be a subdomain. Then there exists a continuous 
M T : T x T -> [0,oo) such that for all (x,y),(x',y') G T and a G (0,1] 
iye /iaue M T (x', y', x, y) — M T (x, y, x', y'), M T (x,y,x,y) = and \u a {x,y) — 
u a (x',y')\ sC M T (x,y,x',y'). 

Proof. Choose p G (2, |) and q G [1,2) with + q^ 1 < 1. Then Theorem 
12.31 with T in place of S gives continuous functions G, H : TxT-> [0,oo). 
Combining Proposition l7.14l and Theorem l2.3l we see that for all (x, y), (x' , y') G 

T and a G (0, 1], we have 

\u a (x, y) - u a (x', y') \ < CjG(a;, y, x', y') + C' q H(x, y, x', y') = M T (x, y, x', y'). 
This M T satisfies the conditions of the lemma. □ 
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Lemma 7.17. Let e > be small, and let G be as in Proposition \7.4\ Then 
whenever (x,y), (x',y') £ S and either y,y' > e or y,y' < — e we have 

\u a (x,y)-u a (x',y')\ < G{{x ~ x'f + {y - y 1 ) 2 ) 1 ' 2 for all a £ (0,1]. (105) 



Proof. Let «S e be as in Proposition l7.4l Then S e has two connected components, 
with y > e and y < —e, each of which is convex. The condition that either 
y,y' > e or y, y' < —e ensures that (x,y) and (x',y r ) lie in the same connected 
component of S e . Hence the straight line segment joining (x,y) and (x',y') 
lies in S e , and so \du a \ ^ G on this line segment by Proposition 17.41 Thus, 
|it Q (x, y) — u a {x' ', is bounded by G times the length of the segment. □ 

Lemma 7.18. There exists a continuous M ds : dS x dS — > [0, oo) such that for 
all (x,y), (x',y')edS and a £ (0, 1] we have M ds (x', y' , x, y) = M 9s (x, y, x' , y'), 
M ds (x,y,x,y) = and \u a {x, y) - u a {x' ,y')\ ^ M ds (x, y, x', y'). 

Proof. First suppose (x, y), (x', y') £ OS are close to (x i7 0) for i = 1 or 2. Then 
as in H7.2l we can parametrize dS near (xi,0) as (x(y),?/), and j^St gives 

u a (x,y) = <j>{y) - x(y)v a (x,y) and u a (x' , y') = <fi(y') - x(y')v a (x', y'), 
where '"'is short for 4-. Hence 

dy 

u a {x, y) - u a (x', y') = <p(y) - <p(y')-±(x(y) - x(y')) (v a (x, y) + v a (x' , y')) 

-\{?{v) + i (y'))(' i; a(a;,y) -v a (x',y')). 

Since |u a | ^ X by l|91|) . using the second inequality of 1)1041) we see that 

\u a (x,y) - u a (x',y')\ < \ j>(y) - (f>{y')\ + X\x(y) - x{y')\ 

+ i\x(y) + x(y')\N{x,y,x' ,y'). 

As <f> and x are well-defined and continuous near (xj,0) on 95*, and is 
continuous, the r.h.s. of this equation defines a continuous function M 9S near 
[(xi,0), (xi,0)) in dS x dS which satisfies the conditions of the lemma. Also, 
Lemma 17.171 shows how to define M ds on the subsets of dS with y > e and 
y < — e for small e > 0. It is then not difficult to patch together these functions 
on subsets of dS x dS using the triangle inequality to construct a suitable 
function M ds on all of dS x dS, and we leave this as an exercise. □ 

Let us review what we have proved so far. The last three lemmas show that 
the u a are uniformly continuous for all a £ (0, 1] in interior domains T C 5°, 
and away from the :r-axis in 5, and on dS, respectively. Taken together, these 
imply that the u a are uniformly continuous except possibly at (xi, 0) for i = 1,2, 
and that the restrictions of the u a to dS are uniformly continuous at (xj, 0). It 
remains only to show that the Ui are uniformly continuous at (xj,0). 
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By jS] Cor. 4.4], if u, v satisfy (|17|) on a domain S then the maximum of u is 
achieved on dS. It is proved by applying the maximum principle to a second- 
order linear elliptic equation satisfied by u in |SJ eq. (27), Prop. 4.3]. Now this 
equation has no terms in u and and so if a £ 1 then u — ax satisfies the 
same equation. Hence we may prove: 

Lemma 7.19. Let T C S be a subdomain, a € 1 and a G (0,1]. Then the 
maximum of u a — ax on T is achieved on dT. 

Using this we shall show that the u a are uniformly continuous at (xi, 0). 

Lemma 7.20. Let i = 1,2 and e > 0. Then there exists 5 > such that if 
(x, y) G S and \x — Xi\ < 5 then \u a (x, y) — u a (xi, 0) | < e for all a G (0,1]. 

Proof. Let i, e be as above. Then as S is strictly convex, and T( x .^dS is parallel 
to the y-axis, and M ds is continuous with M ds (xi, 0, Xi, 0) = 0, there exists 
7 > such that M ds (x, y, Xi, 0) ^ | for all (x,y) € dS such that \x — Xi\ < 7. 
Define T = {(x,y) 65: | x — Xi\ ^ 7}. Then T is a subdomain of S, with 
piecewise-smooth boundary consisting of a portion of dS, and a straight line 
segment on which \x — Xi \ = 7. 
Observe that on dT we have 

2 J£ 6 2 

u a (x l ,0) - \x - Xi\ ^ u a (x,y) ^ u^a^O) + — H |a: - Xi\. (106) 

z 7 z 7 

This is because on the part of dT coming from dS we have \u a (x,y)—u a (xi,0) \ ^ 
M as (x,y,Xi,0) ^ |, by Lemma f7 . 1 81 and the definition of 7, and on the part 
of dT with I a; — x,| = 7 we have — \x — Xi\ — 2X , and the result follows from 
KKXbyEEJ. 

Now the l.h.s. and r.h.s. of l|lUtj|) are both of the form ax + (3 on T for 
a, (3 G K, since \x — Xi\ — x — Xi on T if i = 1, and \x — Xi\ — Xi — x on T if 
i = 2. Therefore Lemma IY. 191 implies that as (|1U6|I holds on 9T, it holds on T. 
Thus \u a (x,y) — u a (xi,0)\ ^ ^ + ^-\x — xt\ onT. Choosing S = min(7, e^/4X), 
the lemma easily follows. □ 

We have now shown that the u a for a G (0, 1] are uniformly continuous 
everywhere in S. With some effort it can be shown that one can piece together 
the various functions constructed above to construct a continuous function M : 
S x S — * [0, 00) satisfying the conditions of the theorem, and we leave this as an 
exercise for the reader. In fact it is rather easier to construct M which is lower 
semicontinuous rather than continuous, and lower semicontinuity is all we will 
need to show that limits of the u a are continuous. This completes the proof of 
Theorem I7TT51 □ 

7.6 Existence and uniqueness of weak solutions of (Tj"H|) 

We can now follow the proofs of ^16 . 51 more-or-less unchanged in the situation of 
this section, to prove: 
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Proposition 7.21. Propositions 1 6'. 14\lb- 1 61 hold for f„.u„.v„ in j |7.#| except 
that in Provosition Wlb\ we have 4|i = ^ £ L P {S) only for p £ [1,2]. 

In particular, this gives existence of a solution fo of (|19|l with weak deriva- 
tives, and fo\ds = 0- The reason for the difference with Proposition ^) . 1 51 is that 
in Proposition 17. 14l we have a priori L p estimates for when p <E (2, |) 

only in interior subdomains T <Z S° . Here is an analogue of Proposition 16 . 1 fl 
which shows that weak solutions of the Dirichlct problem for Ijl9|l are unique. 



Proposition 7.22. Suppose f,f £ C 0,1 (S) are weak solutions of with 
a = and f \ dS = f \ as - Then f = /' . 

Proof. Define u,v,u',v' £ ^(S) to be the weak derivatives ^ , , , . 
Now as /, /' € C 0,1 (S') and /|as = /'lass it follows that f — f lies in the closure 
of Cq(S) in C 0,1 (S). Hence there exists a sequence (ip n ) in Cq(5) converging to 
/ - /' in C°' 1 (S'), where Cft(£?) is the subspace of ip £ C X (S) supported in S°. 
As /' satisfies (tT§t weakly and ip n £ Cq(S) we have 

9 ^ n A(0, y, v') dx dy - 2 / ^ ■ u' dx dy = 0. (107) 



dx Js dy 



But as ip n -»• /- /' in C ' 1 ^) it follows that ^ -> u - w' and ^ -> u - v! 
in L°°(S) as n — > oo. So letting n — > oo in (|107fl and using the Dominated 
Convergence Theorem shows that 



(v - v') ■ A(Q, y, v') dx dy - 2 / (u - v!) ■ u' dx dy = 0. 
s Js 

Applying the same argument with / instead of /' yields 

(v — v') ■ A(0, y, v) dx dy — 2 / (u — vf) ■ u dx dy = 0. 
S Js 

Subtracting the last two equations gives 

(v - v') ■ (A(0, y, v) - A(0, y, v')) dx dy + 2 / (u- u') 2 dx dy = 0. 
>s Js 

Now ^ = (v 2 + y 2 + a 2 y 1/2 by ©ft. Thus if y ^ the Mean Value Theorem 
shows that A(0, y, v) — A(0, y, v') — (w 2 + j/ 2 ) _1 / 2 (u — v'), for some w between 
v and v'. Therefore 

(w 2 +y 2 y 1/2 (v-v , ) 2 dxdy + 2 j {u - u 1 ) 2 dx dy = 0. 
? J s 

As the integrands are nonnegative they are zero, so u — v! and v = v ' in L 1 (5 f ), 
and hence / = /' in C - 1 ^), as f\ 9S = f'\as- □ 
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Note that we have shown in Proposition l7.21l that a solution fa of the Dirich- 
let problem for l|19() on S exists that is twice weakly differentiable and satisfies 
l|19|l with weak derivatives, but Proposition 17. 221 shows that /o is unique in the 
possibly larger class of weak solutions of i|19fl . which need only be once weakly 
differentiable. So this is a stronger result than we actually need. 

Finally, Theorem 17 . 1 1 follows from Propositions 17 . 2 il and 17 . 2^1 and Theorem 
Oin the same way as Theorem IO 
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